A general proof of Parish’s washing hypothesis
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There is a hypothesis, attributable to Parish, that states, for optimum washing, the units of a
multistage continuous fabric washer should be identical. So far, a proof has been available only for
the simplest of multistage washers, i.e. two-tank individual flow and counterflow washers. In this arti-

cle a general proof is given for all multistage washers.

INTRODUCTION

The detailed mechanisms of textile washing are very com-
plicated and are still being elucidated after more than
thirty years of intensive effort. It has always been appreci-
ated that much of practical value could nonetheless be
learned by taking a broader ‘systems’ approach, in which
the parameters of interest are just:

(a) Material/liquor flow rates
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{b) The number of connected washing units

{¢) The nature of the connection, i.e. whether individual
tank flows or an overall counterflow

(d) A general parameter to describe the kinetics of im-
purity exchange between textile material and washing
liquor

(e) A general parameter to describe the ‘statics’ of im-
purity exchange, i.e. the equilibrium distribution that
might be reached, given sufficient time to develop.

The last two items cover in as simple a manner as can be
devised the plethora of physics and chemistry involved in



washing,. To the extent that they are valid representations,
ways of measuring them in practical situations can be de-
vised and inferences made for optimising the washing
process. Optimisation, it should be said, is achieving suffi-
ciently good removal of impurities from the textile mat-
erial at minimum cost, comprising mainly heat and supply
water/effluent disposal components.

Particularly since about 1960, the systems approach has
been developed and exploited so that in continuous fabric
washing the importance of the following ideas is well es-
tablished:

(a) Increasing the number of wash units

(b) Partitioning each unit

(c) Using counterflow as opposed to individual tank
flows

(d) Improving fabric dewatering between units

(e) Matching wash water flow rate to impurity exchange
rate; this is usually temperature dependent and so in-
volves optimisation of flow rate and temperature.

There are of course many other important concepts for im-

proving washing, but the above have arisen from the sys-

tems approach. They are not, however, exhaustive. In the

early 1960s Parish, in unpublished work [1], stated an im-

portant hypothesis governing the relative effectiveness of

units in a multitank washer. It is expressed in terms of two
quantities as follows:

(@) B which is the washing performance of a unit, i.e. the
ratio by mass of removable impurity left on the fabric
to that originally on the fabric as it enters the unit

(b) K, which is the Parish washing parameter for a unit,
defined by Eqn 1 [2]:

Cout = Aoy
Cin —A Cin

K= (D

With reference to Figure 1, the new quantities here are:

- (i the concentration of impurity on the fabric enter-
ing the unit (for simplicity, it may be regarded as being
wholly in the retained water phase or wholly in the
fibre phase)

—  Cout, the concentration of impurity on the fabric leav-
ing the unit

- Cout, the concentration of impurity in the wash water
leaving the unit

- A allows for preferential retention of impurity by the
fabric under equilibrium conditions, insofar as it fol-
lows a Nernst partition law (Eqn 2):

Cout = A Coutl equilibrizm (2)

If there is no preferential retention, A = 1.

Fabric
Cm Unit COU!
Wash
Cout Cin ash water

Figure 1 Nomenclature for a single wash unit

K and A respectively are two such general parameters
as mentioned at the beginning of this section and have
been found satisfactory for much of the washing process
in many situations. They are widely accepted and used,
but acknowledgement of an alternative (but essentially
equivalent) formulation by Groot Wassink and co-workers
should be made [3]. In the limit of high wash water flow
rates, oy — 0 and Eqn 3 can be written:

K- Cout _ P 3
Cin
Thus K describes the inherent capability of the wash unit
under these extreme conditions, which is probably an
easier way of understanding it.

In the following sections concern will be with general
multiple unit washers, but some of the basic relations can
be better understood by reference to a single unit as in Fig-
ure 1. A key relationship is the one arising from conserva-
tion of impurity mass (Eqn 4):

Cin+ FCin = Coul + Fcout 4

Here F is the flow factor for the unit, defined as the vol-
ume flow rate of effluent from the wash unit divided by
the volume flow rate associated with retained water on
the fabric leaving the same unit. (This suits the idealisation
where all the impurity is regarded as residing in the re-
tained water) The term ¢, is the concentration of impurity
in the wash water entering the unit.

Eqgn 1, governing the exchange kinetics, can be written
in the form of Eqn 5:

(1'K)Acout = Cout_KCin (5)

These are the two basic equations for determining the
situation throughout the washer under steady-state con-
ditions. Using Eqn 5 to substitute for ¢, in Fqn 4 gives
Eqn6:

Cin = Cout{}":—léiv} —Cin {ﬂé;@} (6)

where: = F/Aand S =1-K + FK.
Making c,, the subject of Eqn 4 and using Egn 5 to sub-
stitute for C;,, gives Eqn 7:

1-K F'K
Cout = Cout{ﬁ’}*’ﬁn{?} (7)

These last two equations can be written as a single matrix
equation (Eqn 8):

Cin |_1[(A=K+F)-FA(1-K)]]Cou
Cout| S| (1-K)/A F'K G

C
= [B] { cf’“‘} (8)

mn
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The combination of C;, and ¢, in the column vector
seems peculiar, being a mixture of in and out quantities,
but it is convenient for later purposes. For convenience the
square (transformation) matrix is represented by (B).

If the unit is supplied with clean wash water, ¢;,, = 0, so
Eqn 8 solved for P = C,,; /G, produces Eqn 9:

P={1—K+PK/A} ©
1-K+FA

This result, applicable to individual unit washers, was
originally given by Parish [2]. In multiple unit washers the
various values of C, ¢, K, F and P need to be identified by
unit number . For the last three of these quantities this is
done by attaching a subscript /. For the first two the follow-
ing convention is used to distinguish between in and out
quantities.

—  Subscript 7 is for quantities leaving unit i.

— For individual tank flow washers the incoming wash
water is clean and there is no need to handle the ¢,
values, since they are all zero. The fabric entering unit
i has left unit (i - 1), counting units in the direction of
fabric travel. So Cy, for unit i is written C_;.

—  For counterflow washers the C values are dealt with as
for individual tank flow washers. The c values are
handled in a similar manner, but since wash water
flow is in the opposite direction to fabric travel, ¢, for
unit 1 is written ¢;;1. The term cy,q for an N unit
washer represents the clean wash water supply and is
not meant to imply an extra unit.

PARISH'S HYPOTHESIS

Parish’s hypothesis is stated as follows [1]: ‘For any
washer, comprising a sequence of units with washing pa-
rameters K;, K;... Ky, if the overall washing parameter,
given by K; = KiK;... Ky, is kept constant, the minimum
value of overall washing performance, given by P, =
P,P,... Py, is obtained when all the K values are equal’.

In simpler, though less rigorous terms, the hypothesis is
that the optimum multitank washer should have identical
units. The term K, represents the overall washing capabil-
ity (by an extension of the process leading to Eqn 3), and
according to the hypothesis it is best disposed equally
among the units/tanks. It is usually customary for
multitank washers to have identical tanks, but this is en-
tirely for production engineering reasons. It is the author’s
contention that future washing machines should be de-
signed to include a very large number of units (no longer
identifiable as tanks), and the implications of Parish’s hy-
pothesis become all the more important when contem-
plating this.

Parish proved the hypothesis true for all two-tank
washers (individual tank flow and single counterflow). He
also conjectured that it was generally true, but did not get
round to supplying the proof of that. In the remainder of
this article it is shown that the hypothesis is indeed true of
all multitank washers.
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Figure 2 Individual tank flow washing

PROOF FOR ALL INDIVIDUAL TANK
WASHERS

The material and liquor flows for this situation are shown
in Figure 2. By the calculus of variations, if K; s to be kept
constant, despite variations in individual X; values, Eqn 10
must be valid:

N
S Ki
8Ky =0=K; Yy =—*
2! Ki
or more simply:

8K;
T K

=0 10

This allows for N units and the § sign denotes ‘variation
of’; K, as a constant can be omitted.

At a minimum in overall washing performance P;, Eqn
11 is valid:

< 5 P;
5P :0=Pf2—'
i=1 1
or:

3P
T P

=0 11

The term P, as a ‘local’ constant factor can be omitted. Pro-
vided liquor and material flow rates are maintained a par-
ticular P; value can only be a function of all the K; values,
so Eqn 11 becomes Eqn 12:

Py 1P gy
— P ; }-Pi dK;
:ZZ&@&:Q (12)
i i 0K; K;

Eqn 10, with a Lagrange undetermined multiplier 1, can
be combined with Eqn 12 to yield the single condition
Eqn 13:

Z &?&_}L &:0 (13)
il K;

- Pi 9K;



Since the 8K; values could be any set of arbitrary varia-
tions, Eqn 13 is only universally true if the expression in
brackets is always zero (Eqn 14):

K aP:

=4 (14)
P 9K

where 1is a constant for all values of j from 1 to N.
Now for individual tank flow washers, Eqn 9 for unit
is expressed by Eqn 15:

P = 1-K; +F Ki /A (15)
1—K{ +F1/A

from which Eqn 16 may be determined:

& QL = Ki (FI/A)Z (16)
P; 0K; (1-K; +F /A1 -K; +F K;/A)
and Eqn 17 wheni# j:
Kiali _y 17)
P; aKj

Insertion of Eqns 16 and 17 into Eqn 14 yields Eqn 18 for all
values of J:

K; (F/AY? -4
(1-Kj +F /A1 -K; +F; Kj/A)

(18)

Provided the flow factors are identical, this condition can
only be satisfied if all the washing parameters are identical
as well. With the condition on flow factors added, this
amounts to a proof of Parish’s hypothesis for all individual
tank flow washers,

PROOF FOR ALL COUNTERFLOW
WASHERS

The proof, as obtained here, is rather more involved and
depends on the matrix formulation of washing theory.
The flow situation is shown in Figure 3. It is assumed that
water retentions on the fabric entering tanks are identical,
so there is a common flow factor F (without suffix, since it
is superfluous). Adapting Eqn 8 to the multiple unit
washer by incorporation of subscripts gives Eqn 19 for
unit i:

[CH}_J_ ii(l—Ki'FF’)_F'A(].—Kf):H:Ci }
ci Si LA-Ki)/A FK; Ci+1
= [Bi]|: Ci } (19)

Ci+1

Fabric o
C —tpnt S it o o el [l
¢ 1 2 3 N
— Prtritl] o r—— m—]
I . Cmi=0
¢y Drain Counter flow Water inlet

Figure 3 Counterflow washing

Successive premultiplication by appropriate transforma-
tion matrices eventually produces Eqn 20:

HR GRS

I =

For an N tank washer supplied with clean water, ¢y = 0.
Also conservation of impurity mass over the washer as a
whole requires Eqn 21:

_Co(1-Py)
FA

1 21)

where P; = Cy/Cy. Thus, dividing Eqn 20 throughout by
Cy produces Eqn 22:

N
1/P 1}
= I I Bi 22
[(I—Pf)/F'APfJ { [ ]} [0 =

i=1

With reference to Parish’s hypothesis, it is noted that the
condition for minimum P, is the same as that for maxi-
mum (1/P,). By the calculus of variations this is Eqn 23:

< 1 aP
3(1/P)=0=-Y = 9L 5K,
jzlpf aK]

I=h i aK; K;

Combining this with Eqn 10, premultiplied by a Lagrange
multiplier Ain the usual way, produces Eqn 24:

251;3_&_,1 8K _y (24)
i (P 9K, K

For this to be generally true irrespective of arbitrary varia-
tions in the K; values, the expression in brackets must be
zero always. Therefore Eqn 25 holds:

K P

: =1 (25)

where 1 is a constant for all values of j from 1 to N. Now,
the left hand side of Eqn 25 is produced on differentiating
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Eqn 22 with respect to K; and then multiplying by -K; (Eqn
26):

(Kj/sz)aPt/aKj = ]
=-K; II[Bi] —[Bj]
’ i=1 8K] g

| { T 1} m 26)

i=j+1

The lower term in the left hand column matrix is of no in-
terest, so is represented by a series of dots. The only way
that Eqn 25 can be satisfied is if all the expression on the
right-hand side of Eqn 26 is independent of j. At first sight
this requires all the K; values to be identical. However, the
solution of Eqn 26 also depends on the position of the dif-
ferentiated B matrix, and this should be examined before
reaching a premature conclusion. Carrying out the differ-
entiation gives Eqn 27:

+T-F FA
2 B=E { } @7)
0K BH ~1/A 1

Although the matrix on the right-hand side of Eqn 27 is
independent of j, its premultiplier is not. Using Eqn 27 also
gives Eqn 28:

2T-F  FA
(B:1 -2 81y = EL [ }
dK; stsil-1/A 1

ALl LI

Thus the B matrices have the special property of commut-
ing with their differentials (with respect to the K; values).
The significance of Eqn 28 for Eqn 26 is that the value of
the latter is unaltered by changing the position of the dif-
ferentiated B matrix. As a result, equal K; values do indeed
allow Eqn 25 to be satisfied, and Parish’s hypothesis is
thereby proved for all counterflow washers.

DISCUSSION AND CONCLUSIONS

With the added proviso of equal flow factors throughout
the tanks, Parish’s hypothesis has been proved for all indi-
vidual tank flow and counterflow washers. Many washers
fall into these two categories and virtually all the remain-
der are sequences of individual flow tanks and
counterflow ones. The extension of Parish’s hypothesis to
these latter suggests that all the individual flow tanks
should be identical and each counterflow section {com-
prising identical tanks) should have the same overall
washing parameter as one of these tanks.

The preceding theory is based on an idealised model of
washing, particular assumptions being that:
~ The washing parameter is constant throughout the
tanks
—  The partition coefficient is likewise constant.

Given that the partition coefficient is independent of
phase concentrations (Nernst law) and that there is tem-
perature uniformity, the validity of the first assumption
rests on the washing process following first-order kinetics,
having a rate constant independent of concentration [2].
This is known to describe quite well a number of systems
over most of the washing process. However, it is un-
deniable that in the latter stages there can be deviation. At
least part of this is due to decreasing accessibility, to the
wash water, of remaining impurity. (Interstitial impurity in
the residual water between yarns is removed first and
then the interfilamentary impurity in the yarns them-
selves). This affects the rate constant. Description of such
deviation depends on detailed theories of washing which
are system specific (fabric type, impurity type, washing
machine type and running conditions) and, therefore, not
of much use when it comes to prescribing general-pur-
pose washers, as most are. The above model still remains
the best basis for doing that.

Paradoxically, Parish’s hypothesis, while important, is
unlikely to have much impact. That is because its conclu-
sion, that units in a multistage washer should be identical,
is already widely followed for an entirely different reason:
the production engineering one already mentioned. There
could, perhaps, be more awareness that such units should
also be run in an identical manner for optimum washing.
For example, it is common in industrial practice to find
widely differing temperatures among units as a result of
deficient heating/control systems or their settings. In a
number of ways the hypothesis gives a not too common
example of technical and commercial requirements being
in complete accord.

* * *
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