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An equation has been derived for determining the diffusion
coefficient of a dye from its time of half-dyeing. This equation
is much simpler than the infinite-series equations of Wilson
and Hill, but gives comparable results, with less calculation.

Introduction

For describing the diffusion-controlled isothermal dyeing of
fibres (considered to be cylinders of infinite length) from an
efficiently stirred finite bath, Wilson [1] derived the following
solution of Fick’s second law:
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where
Gy = C/Ce, the relative average concentration of dye in
the fibre at time ¢

« = a parameter related to the fractional equilibrium

exhaustion (E;) by

Ey=(a+1)"!
T=Dt/r?
D = diffusion coefficient
¢ = time of dyeing
r = radius of fibre (circular cross-section)
gn = nth positive root of the equation
2J1@n) t @ qnlolgn) =0
Jo and J, = Bessel functions of order zero and one,
respectively.

For a dyebath with a constant concentration of dye, i.e. an
‘infinite’ bath {Fg = 0, a — o0}, Hill [2] derived the equation:
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where v, is the nth positive root of the equation

Jolryn}=0

Eqn 1 and 2 represent the sum of exponentials, where D is
an exponent and cannot be expressed explicitly in the form
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T=flEs, Crp) 3)

The diffusion coefficient is therefore calculated either directly
(iteratively) from the series with the aid of a computer, or by
using tables or graphs [3].

Several authors [4—7] have derived analytical functions
that are simpler than Eqn 1 and 2, thus facilitating computa-
tion of the diffusion coefficient.

Some simplification is possible by introducing a suitable
characteristic value of the dyeing process in Eqn 3. A quantity
which characterizes approximately the whole course of absorp-
tion in a particular dyeing system and is experimentally easily
determined, is the time of half-dyeing, £, [3, 8], i.e. the time
taken by a dyeing system to attain an absorption of one-half
of that at final equilibrium (C..) [6] . The value of #y,, which is
a reciprocal measure of the rate of dyeing in a particular
system [9], can readily be determined from the dye-uptake
curves, at the point where C;; = 0.5. When the rate-of-dyeing
curve is accurately described by a kinetic equation,
C(ty,) = 0.5 Ce.

Approximations of C.. Values

Provided that the process of sorption is not terminated before
equilibrium is reached, ¢, may be determined approximately
from the hypothesis that, in’ the final stage of dyeing it is
possible to describe the kinetics of the process by means of the
Vickerstaff hyperbolic equation [3, 9-11], viz.
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where K is the velocity constant. Eqn 4 may easily be
transformed to the linear form

Gl =K L)'+ (O ()

From Eqn 5 it is clear that the reciprocal of C. is the
quantity C;' for ' = 0, ie. when the straight line plot
intersects with the ordinate.

In practice, it is sufficient to plot several points near
equilibrium for 1/C; vs 1/t and then extrapolate, either
graphically or by means of numerical estimation.

The value of C. is readily estimated for all pairs of points
(Cai: 1i); {Cyj 1) (i <j) from Eqn 6 [9—11], viz.
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where o = t;/t;

The most probable value of C. is then the average of all (.
(If n is the number of points, then the number of pairs is
0.57(n—1)). Eqn 6 is derived on the assumption that it is
possible to describe the isothermal exhaustion-dyeing process
by means of Eqn 4.



Other methods can be used for determining the probable
value of C., e.g. use of the Kinetic equation based on
hyperbola tangents [9, 12, 13].

In the case of ion-exchange dyeing systems, Cw is given by
the amount of dye added to the bath, provided that this
amount is insufficient to saturate the particular fibre and that
exhaustion of the dyebath is complete.

Simplification of Eqn 3 for Determining D from 1,
If t = ¢y and G, = 0.5, Eqn 3 formally becomes

Ty, =11 () M

The value of Ty, is dependent only on £ or «; it is not
dependent on ;. However, Ty, cannot be obtained directly
from Hill’s or Wilson's series. Approximations are necessary,
but they are simpler than the approximations of Eqn 1 and 2
discussed previously.

An approximation of Eqn 7 was derived by Kilby {6] and
by Silova and Melnikov [14], but in neither case was the
whole range of £ covered with sufficient accuracy.

We have derived the following expression, the full deriva-
tion of which (together with a comparison with the true values
of Ty, ) is given elsewhere [15].
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Eqn 8 may be used for determining Ty, in the range
0 < E; £0.999 with a maximal relative deviation of 2.8%.

Experimental Verification of Eqn 8

The following examples demonstrate that the application of
Eqn 8 leads to sufficiently precise estimations of diffusion
coefficients in different dyeing systems.

(1) Polyethylene terephthalate fibre (> = 1.538x107
cm?) was dyed with C.I. Disperse Blue 77 (4% o.w.f.)
at 92°C without carrier. Found: *£;=0; ty, = 115.8
min; Ty, [17] =6.307 x 1072, giving D=8.38 x 1071°
cm® min'. T, from Eqn 8 = 6.25 x 1072, giving D =
8.30x 10™"°% ¢m? min™

(2) Viscose staple fibre (8¢g; r2 = 3.215x 1077 cm?) was
dyed at 70°C in 250 ml of a 0.1 g/l solution of C.I.
Direct Red 2. The fractional equilibrium exhaustion
(E) was determined from the following equation [9,
10]:

aC,,
Eg= ——. (9)
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where a = wt of fibre (g)

*Es is defined by the relation E,=1 ~ Cp,/Cpo, where Cp |
and Cp,, = concentration of dye in solution at 1 = Q0 and ¢ = oo,
respectively [16].

C.. = equilibrium dye concentration in the fibre
' (mg/g)

k, = initial dyebath concentration (g/1)

v = volume of dye liquor (ml)

Found: C. = 2.5 mg/g; E; =0.8; #y, = 11.8 min. For E
=08, Ty, [17] =4.72x 1073 giving D = 1.29x 1071
cm? min’", Ty, at E5 = 0.8 from Eqn 8 is also equal to
4,72 x 1073,

(3) Viscose staple fibre (+* = 3.445x 1077 cm?) was dyed
with C.I. Direct Orange 69 at 70°C. At equilibrium the
dyebath exhaustion was 30%. Found: ry, = 76.16 min;
Ty, (Es = 03) = 3.78x1072 [17], giving D =
1.71 x 107" % ¢cm? min™. 7, from Eqn 8 = 3.80 x 107,
giving D=1.72x10™"°% ¢m? min™ .

Conclusions

Eqn 8 provides a simple method for calculating the diffusion
coefficient of a dye over the whole range of E, provided that
the time of half-dyeing is known. It is an analytic function
giving results that compare well with those obtained from
infinite series and eliminates the need for interpolations or
extrapolations in tabular form.

Although diffusion coefficients obtained in this way are
only estimates of integral diffusion coefficients, they
characterize the whole dyeing process and are suitable for
comparing various dyeing systems.
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