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Methods of fitting tolerance ellipsoids to the J & P
Coats and to the Davidson and Friede matching data are
described. The fitted ellipsoids vary in size according to
their position in colour space. Various colour matching
equations are derived to describe these variations and
these are found to give better correlation with visual
ohservation than other colour matching formulae.

INTRODUCTION

In a previous paper [1] details were given of a visual pass/fail
colour matching experiment in which a panel of 8 observers
assessed 640 pairs of samples distributed around 55 colour
standards spread evenly throughout colour space.

This paper seeks to correlate the visual judgements and
instrumental measurements of colour difference and desc-
ribes different methods of fitting tolerance ellipsoids around
each of these 55 colour standards. Also described are general
matching formulae developed out of the individually fitted
tolerance ellipsoids.

Each observer had assessed the set of samples on five
occasions for acceptability in relation to polyester thread
production, A guide to the visual tolerance required was
given by a pair of grey samples with a measured colour
difference of 1.9 ANLAB{50) units, which was placed at the
back of the colour matching booth. From this matching
experiment some 25590 visual pass/fail decisions were
obtained and analysis of the data gave interesting insight into
the between-observer and within-observer variations occurr-
ing in pass/fail colour matching.

For subsequent analysis the visual decisions of all
observers were combined for each colour and expressed as a
% Acceptability value (e.g. for each sample pair there were 8
observers x 5 matchings = 40 decisions, Therefore 30 pass
decisions = 30/40 = 756% Acceptability). Samples with high %
Acceptability would be expected to have a smaller visual
colour difference than samples with low % Acceptability.
Samples with more than 50% Acceptability are by majority
decision visually acceptable to the panel and samples with

TABLE 1

Coats Data — Disagreements between published Matching
Formulae and Majority Decision of Matching Panel

less than 60% Acceptability are visually rejected. Any colour
matching formula would be expected to reflect these
corporate pass/fail judgements of the matching panel.

The performance of some currently available colour-
difference formulae in relation to the corporate visual
decisions of the matching panel are given in Table I. For each
formula the numerical pass/fail limit was chosen so as to
minimize the number of disagreements with the visual
observers. It can be seen that none of these formulae
correlate particularly well with the corporate decisions of the
matching panel for which an average within-observer dis-
agreement level of 7.4% and an average between-panel
disagreement level of 7.7%, has already been reported.

It was therefore decided to attempt to fit individual
tolerance ellipsoids around each of the 55 colour standards
using the visual % Acceptability data as the basis of the fit.
Individually fitted ellipsoids shouid show the ultimate degree
of correlation with visual cbservation attainable and should
also provide a base for the development of improved colour
matching formulae.

Tolerance ellipsoids are frequently defined in terms of
the x, y, Y axes of the CIE X, Y, Z colour space. However
since colour measurement in J & P Coats Ltd had beer for 20
years traditionally defined in ANLAB(50) space, it was
considered more useful to fit the ellipsoids in ANLAB(50)
terms and moreover, since the psychologically meaningful
colour difference attributes are Lightness, Metric Chroma
(saturation) and Hue it was decided to constrain the
orientation of the ellipsoids such that the axes of symmetry
are in the directions of these attributes, as shown in Figure 1.

The results of fitting a tolerance ellipsoid around a
standard are also shown in Figure 1. The object is to fit the
direction and size of the ellipsoid such that those samples
with greater than 50% Acceptability lie inside the tolerance
ellipsoid and those samples with less than 50% Acceptability
lie outside. Samples with exactly 50% Acceptability should
lie on the surface of the ellipsoid. The ellipsoid is defined by
the lengths of the semi-axes of symmetry: Lightness (Lt),
Metric Chroma (Ct) and Hue (Ht). It is also expected that the
higher the % Acceptability the closer should the sample be to
the standard located at the centre of the ellipsoid, The colour
difference between a particular sample and the standard
situated at the centre of the ellipsoid can be expressed in

Total
132 {21.4%)
1256 {20.2%)

85 {13.8%)
97 {15.7%)
88 {14.3%)

Formula Disagreements
Accepts Rejects
AE 77 513
AEa 60 65
AEFa McLaren Weightings 1:1:2/0.02 44 41
McDonald and Gailey Cuboid 26 71
McDonald and Gailey Cuboid moved origin 40 48
Friele FCM 45 47
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92 {14.9%)



Figure T — Fitting of tolerance ellipsoid

relation to the surface of the ellipsoid by the foltowing
equation:

AEt = [{AL/LE)? + (AC/Ct)® + (AH/HE? )%

where AL, AC, AH are respectively the Lightness, Metric
Chroma and Hue differences from the standard. To avoid
confusion with normal AE values in ANLAB space the
convention has been adopted to refer to colour differences
from tolerance ellipsoids as AEt values.

For convenience the size of the ellipsoid is scaled such
that samples with 50% Acceptability, i.e. borderline samples
give AEr values of 1.0, Thus samples with AEt > 1 are
instrumental fails and samples with A£t <1 are instrumental
passes,

TABLE 2

Davidson and Friede Data — Disagreements between
Published Matching Formulae and Majority Decision of
Matching Panel

ELLIPSOID FITTING

Simplex Iteration Procedure

In order to fit a tolerance ellipsoid around % Acceptability
data an optimization technique must be used. The approach
adopted is to vary the size of the Lightness, Metric Chroma
and Hue axes independently until an ellipsoid is created
which gives the best correlation with the visual acceptability.

The criterion for goodness of fit to the visual data can be
one of several as described later, e.g. the correlation
co-efficient of AFt derived from the fitted ellipsoids and %
Acceptability may be maximized, or the number of disagree-
ments given by the ellipsoid in relation to the corporate
panel decision may be minimized,

A technique of iterative optimization which will give
maximum flexibility to the selection of the goodness of fit
criterion is required. One such approach woutd be to develop
a 3-dimensional Simplex computer iteration program [9] to
determine the sizes of the 3 semi-axes Lt, Ct, Ht. A computer
program in BASIC based on a 3—D Simplex was written for
the Hewlett Packard Model 9830A Desk Computer and the
principles on which the iteration was based are given in
Appendix |,

Other Data Available for Ellipsoid Fitting

In addition to the J & P Coats matching data [1], the data of
Davidson and Friede [2] also contained % Acceptability
values, The performances of some currently available colour-
difference formulae in relation to the Davidson and Friede
matching panel are given in Table 2. Since the Davidson and
Friede data have been widely analysed by other workers it
was decided to apply the ellipsoid fitting approach to these
data also.

Goodness of Fit Criteria for Eliipsoid Optimization

Three alternative criteria were used for the fitting of

optimized ellipsoids to visual matching data in conjunction

with the Simplex iteration program. These were:

Method (a) Maximize the correlation coefficient obtained
from linear regression between % Acceptaibility
and AFt values from the ellipsoids generated by
the Simplex program. Details of this ellipsoid
fitting procedure and analysis are given in Appen-
dix 11,

Method (b} From a calculation of the observers’ standard
deviation of colour matching convert the AEFt
values from the ellipsoids to % Acceptability
values of the normal ogive and minimize the sums

Formulae Accepts
AF 15
AFa 20
AFa McLaren Weightings 1:1:2/0.02 14
McDonaid and Gailey Ellipsoid 14
McDonald and Gailey Cuboid 18
AFa {moved origin} 18
AFa McLaren Weightings (moved origin) 19
McDonald and Gailey Eillipscid {moved origin) 11
McDonald and Gailey Cuboid (moved origin) 19
Friele FCM 9

Rejects Total %  Ref

44 59 20.6 (13}
25 45 15.7 (3)
22 36 125 (8)
27 41 14.3 (7)
23 41 143 (7)
23 41 143 (7)
15 34 11.8 (7)
24 35 12.2 (7)
15 34 11.8 {7)
32 41 14.3 (12)
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of squares between these values and the observ-
ers’ Actual % Acceptability decisions. Details of
this ellipsoid fitting procedure and analysis are
given in Appendix I11.

Method (¢) Maximize the correlation coefficient between
AFt values from the ellipsoids and visual %
Acceptability decisions expressed as standard
normal deviates from the visual matching toler-
ance value. Details of this ellipsoid fitting proce-
dure are given in Appendix |V,

% Probability of acceptance
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Figure 2 — Goodness of fit criteria

Correlation between Fitted Ellipsoids and Visual Decisions
The numbers of disagreements occurring between the ellip-
soids fitted to each colour by the above three methods and
the visual decisions of the matching panels are given in Table
3.

The disagreements are, for each set of data, considerably
less than the disagreements obtained using the currently
available colour matching formulae shown in Tables 1 and 2.
Because poorer results were attained with optimization
method (¢} on the J & P Coats data, this approach was not
tried on the Davidson and Friede data.

In each case it was found that the sizes of the ellipsoids
increased as the Metric Chroma and Lightness of the colour
standards increased.

The towest number of disagreements with visual observa-
tion was obtained with optimization method (b) and the
variation in the sizes of the semi-axes with increasing Metric
Chroma or Lightness of standards are plotted in Figures 3,4
and b for the J & P Coats data. A chromaticity plot of the
ellipsoids from the J & P Coats data is given in Figure 7.

TABLE 3

Optimized Ellipsoids — Disagreements with Visual Decisions

Data Optimization Disagreements
Method

Accepts Rejects Total
Davidson and Friede a 15 15 30
{287 pairs) b 12 14 26
J & P Coats a 31 9 40
{617 pairs) b 14 7 21
c 30 13 43
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Figure 3 — Variation of metric chroma axes with metric
chroma of standard
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Figure 4 — Variation of hue axes with metric chroma of
standard
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Figure 5 — Variation of lightness axes with lightness of
standard
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ELLIPSOID DIMENSIONS

The dimensions of the tolerance ellipsoids obtained from the
J & P Coats data are about twice the size of those determined
for the Davidson and Friede data, reflecting the different
matching severities of the two matching panels, This makes it
difficult to combine the two sets of ellipsoids and subsequent
analysis was carried out separately on each set.

DERIVATION OF PASS/FAIL FORMULAE

Four approaches were used to develop pass/fail formulae to
define the variation in size of the ellipsoids obtained by
optimization method (b). The performance of these formulae
is given in Table 4,

TABLE 4

Pass/Fail Formulae — Disagreaments with Visual Decisions

Data Formula Disagreements
Accepts Rejects Total %
Davidson A 19 15 34 11.8
and Friede B 10 24 34 11.8
(287 pairs) C 10 24 34 11.8
c* 18 15 33 11.56*
D 5 27 32 114
D* 10 20 30 10.5*
J & P Coats A 37 36 73 11.8
(617 pairs) 8 26 30 56 9.1
o 21 38 59 9.6
D 31 21 b2 8.4

* with lightness equation specific to D & F data,

Pass/Fail Formulae type A consist of simple linear
regression equations specific to each set of data derived as
shown in Appendix |1l to describe the increase in ellipsoid
size with increase in Metric Chroma and Lightness of
standard. The number of disagreements from these simple
formulae are equal to or lower than that attained with the
currently available formulae listed in Tables 1 and 2.

Pass/Fail Formulae type B also consist of similar linear
regression equations, but incorporate different eguations for
different Hue sectors in the chromaticity plane. The ellip-
soids were examined to see if any variation in ellipsoid
dimensions occurred as the Hue angle of the colour standards
changed. It was found that for the J & P Coats data, if the
Hue circle was split into 8 sectors of 22.5 degrees and the
changes in ellipsoid Hue dimensions in each sector were
analysed separately, then a series of 8 different regression
equations to describe these dimension changes was obtained.
This analysis is described in Appendix V. The 8 linear
equations from the J & P Coats data were incorporated into
the pass/fail formulae to define the Hue tolerance variation,
in combination with the equations from Formula A defining
the Metric Chroma and Lightness tolerance variation for the
J & P Coats data. Type B formulae were tested on both the J
& P Coats data and the Davidson and Friede data.

The overall performance of the type B formulae is much
better than that achieved by the simpler type A formulae or
the published matching equations in Tables 1 and 2. in the J
& P Coats data the % Disagreement is near to the
within-individual cobserver reproducibility error of 7.4%
reported for these data in *Industrial Pass/Fail Colour
Matching — Part | [1].

These results indicate that a Hue dependent factor of the
type found from the J & P Coats data is needed in the
specification of the dimensions of colour tolerance ellipsoids
and therefore will be required in any improved colour
matching formula. Analysis in Appendix V shows that the

Hue dimensions of the J & P Coats tolerance ellipsoids vary
by approximately 50% in size as the Hue of the standard
changes. On the other hand, the Metric Chroma axes
variation is random and apparently independent of the Hue
of the standard. The cyclical Hue angle variation in ellipsoid
dimensions is illustrated in Figure 6,
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Figure 6 — Variation of hue and metric chroma axes with
hue angle
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Figure 7 — ANLAB (50) tolerance ellipsoids (full size)

Pass/Fail Formula C was developed to remove the
discontinuities caused by using 8 separate regression equa-
tions. A Fourier equation was derived in Appendix V to
define the variation in size of the Hue semi-axes as the Hue
angle of the standard changes. The Metric Chroma and
Lightness semi-axes were defined by the Hue-independent
regression equations of Formula A. Pass/Fail Formula C
performs almost as well as tye type B formulae and also
provides a more useful colour matching approach since the
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variation in tolerance is now described in a continuous
manner. The overall performance on the two sets of
matching data is better than the matching formulae in Tables
1and 2.

Pass/Fail Formula D was developed from Formula C as a
result of a further investigation suggested by McLaren {19]
to determine if there were any remaining significant relation-
ships between the size of the tolerance ellipsoids and
Lightness, Metric Chroma or Hue of standard, This investiga-
tion, described in Appendix VI, showed that the Metric
Chroma and the Hue axes of the ellipsoids also vary in size in
proportion to the Lightness of the standard. Modification to
the Type C formula equations defining the size of the Metric
Chroma and Hue axes was therefore made to accommodate
these relationships and the performance of the resultant
pass/fail formula, Formula D, is shown in Table 4,

CONCLUSIONS

The investigation described above indicates that the Hue and
Metric Chroma dimensions of the tolerance ellipsoids inc-
rease in size as the Metric Chroma of the colour standards
increases, and the Lightness dimension increases as the
Lightness of the standards increases. These results confirm
the effects already found and reported previously by
McDonald [3,7], McLaren [4,8] and Kuehni [5].

However, with the Coats data it was observed that the
tolerance ellipsoids also alter in the Hue dimension as the
Hue angle of the standards changes. This cyclical variation in
Hue tolerance had not been observed so clearly in earlier
colour matching investigations because the earlier data were
not sufficiently extensive. Kuehni has reported changes in
orientation of tolerance ellipsoids particularly in the yellow
to orange region of colour space [6]. While no systematic
orientation change was observed in the ellipsoids in these
investigations it can be seen from Figure 7 that there is a
distinct change in shape of the ellipsoids in the red region.

The Hue dependent matching formulae derived from the
J & P Coats data were also found to give improved
correlation with visua! decisions on the Davidson and Friede
data, thus indicating that Hue dependent tolerance variation
is not unique to the J & P Coats data,

The Hue dimension of the tolerance ellipsoids seems
smallest in the brown and violet region and largest in the red
and turguoise region, This could provide an explanation for
the improvement in correlation with visual observation
obtained with the A£a equation when the reference point
from which the Metric Chroma of standards is calculated is
moved from the neutral grey into the brown region of the
chromaticity diagram [7]. This movement was done in order
to tighten the tolerance for browns and slacken the tolerance
for turquoise hues. MclLaren, in early optimizations on the
Davidson and Friede data, found some dependence of
tolerance on Hue angle [4]. However, this effect was found
to be insignificant after correction for the effect of Metric
Chroma [3]. The insignificance may have been due to the
relatively small number of colour standards in the Davidson
and Friede data.

While some dependence of chromaticity tolerance on
Lightness has also been detected in these data, this effect
may be data specific. For example Kuehni [15] on fitting
chromaticity tolerance ellipses to the Morley data, did not
detect any influence of Lightness level on chromaticity
ellipse size. On the other hand, in a similar exercise on the
HATRAB89 data, Kuehni [16] noted a change in chroma-
ticity ellipse size with Lightness of standard in some groups
of colours but not in others. Table 11 shows the performance
of Formula C and Formula D on several sets of test data. The
change in performance obtained by incorporating the Light-
ness dependent chromaticity tolerance (Formula D) is not
consistent: one some sets of data Formula D produces better
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agreement with visual observation while on other sets of data
Formula C is superior,

A comprehensive set of matching data with good
coverage of colour space has been necessary to reveal
significant colour dependent variations in matching toler-
ance, It was considered that these effects might become
clearer by an analysis of still more extensive data obtainable
from dyehouse records. These results will be described in a
later paper, “Industrial Pass/Fail Colour Matching — 111"
[18].
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APPENDIX |

3D Simplex iteration
The iteration technigue is an extension of that described in
reference [9].

1. Set up a tetrahedron for Lightness, Metric Chroma and
Hue axes in 3 dimensions. Let the co-ordinates at each
vertex represent the sizes of the tolerance ellipsoid
semi-axes.

LIGHTNESS
4 HUE

METRIC
HROMA

2. Using the values for Hue, Metric Chroma and Lightness
axes indicated by one of the tetrahedron vertices shown,
construct a tolerance ellipsoid and compute the A Et.

AEt = [(AL/LE)® + (AC/Ct)? + (AH/HE)? 1% !

where AL, AC, AH are the measured values from
standard

Lt, Ct, Ht are the tolerance ellipsoid semi-axes
If AEt is less than 1 then the sample lies inside the
tolerance ellipsoid and is instrumentally passed. If AEt is
greater than 1 then the sample is outside the ellipsoid and
is instrumentally failed.



3. Carry out the above calculation for each sample versus
standard pair and then apply the selected goodness of fit
criteria to the AEt's, For exampie a regression of %A
versus AFt could be done and the correlation coefficient
computed.

4. Repeat step 2 and 3 for each of the semi-axes sizes
indicated by the four vertices of the Simplex tetra-
hedron.

5. Place the vertices in order of goodness of fit (correlation
coefficient) then renumber the vertices in order of
decreasing goodness of fit as vertex 1,2,3, and 4.

6. Select the tetrahedron side opposite the worst fit vertex
and calculate the mid-point of the side (vertex 5) and
then reflect through this mid-point to produce vertex 6.

7. If vertex 6 is a better fit than vertices 1, 2 or 3, the
correction is going in the correct direction and so the
distance of the reflection is doubled to vertex 7.

8. If vertex 7 is a better fit than vertex 6 then set up a new
tetrahedron using vertices 7, 1, 2, 6 and go back to step
5.

9. If vertex 7 is worse than vertex 6 but vertex 6 is better
than vertices 1, 2 or 3 then go back a little to vertex 6.

Place vertices in order of fit then relabel vertices 6, 1, 2
and 3 as vertices 1, 2, 3 and 4 and go back to step 6.

10. If vertex 6 is worse than 1, 2 and 3, the change in this
direction has been too great, therefore go back to vertex
8.

Set up the tetrahedron 1, 2, 3, 8 and relabel as 1, 2, 3, 4,
after placing in order of fit. Go to step 6.

In the above iterative procedure the tetrahedrons not
only reflect during convergence but also expand or contract
in size as required.

It was found during the initial runs that, during reflec-
tion, occasionally the reflected vertex would lie on the
negative side of the Lightness, Saturation or Hue base axes.
In this case the computer was instructed to revert as in step
10 above, by making the negative vertex a very poor fit. The
tetrahedron was then ordered in goodness of fit and the
vertices relabelled as 1, 2, 3 and 4. Vertices 4 and 3 (worst

and second worst) were then exchanged so that the next
reflection moved the tetrahedron sideways along the “'wall”
formed by the base axes until a point was reached when no
negative axes resulted from reflection and convergence then
continued as normal.

The Simplex was tested by giving the computer target
XYZ co-ordinates then setting it to converge from some
distance away using the geometrical distance from the
“guessed’ values to the target values as the criterion of fit.

APPENDIX II

Ellipsoid Fitting — Correlation Coefficient Fit

For this approach a sub-routine was written into the Simplex
program such that at the end of each iteration of the
Simplex, AFt values far each sample pair were computed,
based on the current axes sizes indicated by the Simplex
program for the tolerance ellipsoid. The program then
entered a linear regression sub-routine in which the correia-
tion coefficient between % Acceptability and AEt produced
by the fitted ellipsoid values was calculated. The correlation
coefficient was stored as an indicator of the goodness of fit
of the tolerance ellipsoid being generated by the current
iteration of the Simplex.

lteration continued, comparing the correlation coeffi-
cients generated by the varying ellipsoids in the Simplex
program, until either no significant increase in correlation
was to be achieved by further iteration or until the maximum
number of iteration loops permitted was reached.

After optimization was completed, the slope and
intercept of the linear regression of % Acceptability against
AFt was used to compute AFt for 50% Acceptability. The
ellipsoid semi-axes were then rescaled so that AFt for 50%
Acceptability was equal to 1. If, for example, from the
regression line it is found that AEt for 50% Acceptability is 2
units, then the ellipsoid semi-axes are multiplied by a factor
of 2 so that AEt for 50% Acceptability becomes equal to 1
unit. This method of scaling derives from the definition of
AFt for an ellipsoid as follows:

distance from standard to sample
distance from ellipsoid surface to standard

Therefare, if the ellipsaid axes dimensions are doubled
the ALt value is halved.

(i) Davidson and Friede Data

One problem associated with the use of linear regression of %
Acceptability versus AEt as a criterion of goodness of fit is
whether to include or exclude %A values equal to zero, If
these samples are associated with large AEt values they can
seriously affect the slope of the regression line and the
correlation coefficient. Some workers have therefore chosen
to exclude these values. Ellipsoids were therefore fitted to
the Davidson and Friede colours both including and exclud-
ing samples with %A = 0.

The axes sizes obtained from the Simplex iteration
program are given in Table & together with the number of
disagreements between the matching panel decisions and the
ellipsoid fitted to each colour. The correlation coefficient
obtained from linear regression between %A and AEt for
each colour is also given.

It can be seen from Table 5 that the number of
disagreements with the visual decisions does not fall in the
same order as expected from the values of the correlation
coefficients; the optimization which gives the lowest correla-
tion coefficient in contrast gives the lowest number of
disagreements with visual observation.

Each optimization approach led to extremely large axes
sizes in certain colours. This is thought to be due to
inadequate distribution of samples around the standard
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TABLE b

which leads to poor definition of the ellipsoid dimensions in
the direction in which few samples exist,

If the optimization approach is taken which gives the
lowest number of visual disagreements for each individual
and the disagreements totalled the following is obtained:

Disagreements
Accepts Rejects
13 12

Total

25  (8.7%)

This number of disagreements is much lower than the
matching foermulae listed in Table 2.

fii) J & P Coats Data

In the optimization of ellipsoids to the Coats data those
samples with %A =0 were ignored. This was done because
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Colour Semi-axes Sizes AN(50) Semi-axes Sizes AN{50)
units Optimization including units Optimization excluding
every sample %A =0
N Lt Ct Ht N Lt Ct Ht
A 12 2.06 264 076 8 2.72 1.76 0.72
B 13 67.32 1.86 132 9 2.54 1.90 8.10
D 18 3.46 1.32 1.02 10 3763.02 2063.26 0.74
E 11 68.22 1.08 092 9 201.26 1.00 1.06
F 13 0.88 0.78 0.84 10 0.90 0.82 0.84
G 13 26.52 0.78 054 8 165.92 0.76 0.94
H 17 2.82 414 1.76 13 2.90 5.16 1.70
| 17 191,68 1.06 1.14 13 3.70 1.18 0.94
J 17 3.20 3.36 0.88 15 3.28 470 0.84
K 16 2.06 1.56 1.12 10 1.48 3.56 1.18
L 18 2.24 1.46 094 14 2.24 148 0.94
M 12 1813.02 5720.20 0.66 10 170.26 482 1.20
N 16 2.68 2.08 230 12 2.90 242 1.62
0 16 2.46 140 2.00 14 2.42 1.42 2.10
P 14 3.98 9.12 0.88 13 4.60 6.90 0.88
Q 14 3.14 292 1.16 12 3.62 252 126
R 20 2.86 240 1.24 14 4.18 240 1.02
S 18 1.44 108 1.12 12 1.32 1.46 1.88
T 12 464 23882 154 8 4,08 592566 1.62
N = Number of pairs used in optimization
Colour Wrong Decisions Correlation Wrong Decisions Correlation
Optimization including r Optimization excluding r
every sample %A =0
Accepts Rejects Total Accepts Rejects Total
A 2 0 2 —0.93 0 0 0 -0.97
B 0 1 1 -0.72 2 1 3 --0.86
D 0 2 2 -0.79 5 2 7 -0.81
E 1 1 2 -0.82 0 1 1 -0.90
F 2 2 4 —0.76 2 2 4 —0.69
G 1 0 1 -0.83 1 0 1 —-0.81
H 1 0 1 —0.90 2 0 2 0.9
I 1 0 1 -0.90 1 0 1 —0.94
J 1 1 2 -0.90 1 1 2 —0.85
K 0 1 1 —0.87 1 0 1 —0.92
L 1 0 1 —0.88 1 0 1 -0.87
M 0] 3 3 -0.73 1 1 2 —0.89
N 0 0 0 -0.92 0 0 0 —0.95
0 2 1 3 —0.86 2 1 3 —0.87
P 0 0 0 --0.96 0 0 0] —-0.97
Q 1 1 2 —0.89 1 1 2 —0.87
R 2 1 3 —-0.82 1 1 2 -0.84
S 0 1 1 -0.76 3 0 3 -0.76
T 0 0 1] —-0.84 0 1 1 -0.65
Total 15 15 30 —-0.85 24 12 36 —0.86
(5.2%) (5.2%) {10.4%) (8.3%) (4.2%) (12.5%)

some of the colour differences were known to be quite large
and would affect the correlations as described above. The
axes sizes, number of disagreements with visual decision of
the matching panel, and the correlation coefficient obtained
for each colour are given in Table 6. It was not found
possible to fit an ellipsoid to colour 27 because the number
of pairs with %A > 0 was too few. From the optimization for
the 617 pairs of samples to which ellipsoids were fitted the
following results were obtained:

Disagreements

Accepts Rejects Total
31 9 40 {6.5%)
As with the Davidson and Friede optimizations,

extremely large axes sizes were obtained for certain colours.



For comparison, the number of disagreemants with the
visual panel decisions given by several matching formulae
were calculated. For each of these formulae the size of the
AFE pass/fail tolerance value was systematically altered until a
value was obtained where the number of disagreements was
at a minimum, The performances of the published matching
formulae are given in Table 1. It can be seen that there is
considerable difference between the performance of the
currently available formulae and the performance attained by
fitting ellipsoids individually to each colour.

APPENDIX 111

Ellipsoid Fitting — Normal Ogive Curve Fit

When plots of % Acceptability versus AE are examined, it is
seen that the best equation fit to the data is not a linear one
although a linear regression has been widely wused in
evaluating colour matching formulae. The best equation to
fit the data is sigmoidal in shape as shown in Figure 2 (a).
Davidson and Friede in their original paper have shown that
if the points at discrete AF values are averaged for their data
then the mean % Acceptability points follow the sigmoidal or
ogive shape.

Jettsch [10] assumed that on repeat assessments of a
colour difference the observer will not reproduce exactly and
his errors will form a normal distribution about the tolerance
T which he is trying to judge. This concept is also dealt with
at length by Torgerson [11].

The shape of the normal distribution as shown in Figure
2 {b) depends on the reliability of the observer, as measured
by the standard deviation of colour difference judgement, g,
about the visual tolerance. The distribution also infers that a
sample with a numerical colour difference equal to 7 + 1.68¢
will be rejected on 95% of occasions by the observer, a
colour difference equal to T — 1.68¢ will be rejected on only
5% of occasions, and a colour difference equal to T will be
rejected on 50% of occasions etc.

Such distributions can be converted into % Acceptability
curves by reading from tables the area under the normal
distribution which corresponds to the distance in standard
normal deviates which the sample is from the tolerance 7.
The matching distributions of Figure 2 (b) are converted and
represented as % Acceptability curves in Figure 2 (c). In
these examples the good observer is likely to accept a sample
pair with a zero colour difference with a probability of 90%,
whereas with the poor observer the probability of acceptance
of the pair is only 70%. The matching tolerance, T,
corresponds to the celour difference when the probability of
acceptance is 50%.

If it is assumed, that the standard deviation of our
corporate panel observer is ¢ = 0.5 units when matchingto a
tolerance of 7 = 1 unit, then the % Acceptability curve of
this observer, when matching a range of colour differences,
will be that shown in Figure 2 {(d). If there was a colour
difference equation which gave perfect agreement with this
corporate observer then it should produce AEt values which
conform to this acceptability curve. This infers that the AFt
values calculated from such a perfect colour difference
equation should be numerically equal to the distance in
standard normal deviates which each sample is from the
tolerance, 7 =1, in Figure 2 (b).

In a real situation with an imperfect matching formula
the sums of squares between the % Acceptability obtained
for the observer and the formula % Acceptability (calculated
from the formula AEt, assuming that the AFt values are
equivalent to standard normal deviates) will be a measure of
the goodness of fit of the formula.

To check the fit with an actual matching formula it is
first necessary to convert the AFt values derived from the

matching formula into ““formula’ standard normal deviates,
Df, by dividing the numerical difference between AEt from
the formula and T by the standard deviation of observation
of the corporate observer as follows:
At T py
o

Unfortunately, the standard deviation ¢ of the matching
panel corporate observer is not known and so the only
solution is to try various values and determine which gives
the best set of matching ellipsoids to fit all the data, the best
set of ellipsoids being those which give either the lowest sum
of sguares when the AEt values are compared with the %
Acceptability ogive generated as described, or the lowest
number of wrong decisions in relation to the corporate
observer,

In order, to carry out the tolerance ellipsoid opti-
mization, a trial value for the observer standard deviation of
observation, g, was input to the computer Simplex program.
The optimization Simplex was started with three arbitrarily
chosen ellipsoid axes. AEt values were then calculated for
each sample relative to the standard.

The AEt values so calculated were then converted by a
computer sub-routine into “formula” standard normal
deviates, Df, by the equation given above, using a tolerance
value T =1.

From the value of the deviate, Of, the area under the
normal distribution curve was calculated and expressed as %
Acceptability by a second computer sub-routine.

The goodness of fit criterion for the ellipse optimization
was Z (Actual % Acceptability — "“formula’ % Accept-
ability)?: the “formula” % Acceptability being that derived
from the current ellipsoid AEt values; the actual % Accept-
ability being that obtained from the visual matching panel.

The object of an optimization of this type is to produce
ellipsoids to give a best fit to the % Acceptability ogive
corresponding to the corporate observer variability, In Figure
2 (d) if the % Acceptability from visual observation is 20%
then the ““true” AEt should be AEt 1. 1f the actual AEt from
the current ellipsoid is AEt 2, then from this it would be
calculated from the area under the normal distribution that
the “formula” % Acceptability is 80%. The object is to
minimize the difference between these two % Acceptability
values by changing the value of AEt nearer to the “true’”
value through alteration of the ellipsoid axes sizes. The
ellipsoid axes are therefore adjusted by iteration in the
program to minimize the sums of squares of the differences
between the ““true” and “formula’ % Acceptability values.

At extreme high and extreme low % Acceptability values
the ogive is horizontal and so larger errors in AFt can be
tolerated without affecting the T {‘true” % Acceptability —
“formula” % Acceptability)? value significantly. This means
that % Acceptability vaiues of 100% and 0% can be included
in the optimization fit, unlike the linear regression approach.
Although these extreme values will not have much influence
on the goodness of fit summation, they will still have some
influence and it is therefore an advantage that they can be
included,

{i) Davidson and Friede Data
Optimizations were carried out using values for the standard
deviation of chservation o corresponding to 0.4, 0.5, 0.6 and
0.7. The lowest number of disagreements in relation to the
corporate panel observer was given using the value of 0 = 0.5.
The axes sizes, together with the numbers of disagree-
ments obtained from this optimization approach, are listed in
Table 7. There are only 26 disagreements with visual
decisions from this approach compared to 30 to 36 obtained
from the linear regression approach listed in Table 5.
It was subsequently found by iteration that a further
reduction in disagreements can be obtained if a tolerance
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TABLE 6

Coats 640 Matching Data — Correlation Coefficient Fit

Colour Semi-axes sizes Correlation
AN{50) units r
Excluding %A =0
Lt Ct Ht
1 6.20 4.60 3.34 -0.98
2 8.22 5,52 2560 -0.97
3 11734 5,92 254 094
4 11.18 3.36 260 —-0.92
5 11.22 432 254 -0.98
6 572 272 256 —-0.94
7 9,36 354 244  —0.97
8 8.24 5.12 1.92 -0.95
9 1222 644 234 096
10 90.02 27.16 2658 -0.97
11 570 1.68 1.32 -0.99
12 6.60 5.18 2,74 -0.98
13 4,52 13.04 3.66 —0.66
14 1484 3.94 1.74 -0.98
15 7.84 342 t.68 -0.94
16 518 3.88 .88 -0.94
17 8.16 4.42 2,14 -0.97
18 5.16 252 1.84 —0.96
19 7.22 442 276 -0.87
20 5.02 7.66 4,12 -0.91
21 6.40 582 272 -0.88
22 6.04 3.98 3.68 —0.93
23 782 344 248 -0.97
24 7809.94 1,10 8152.12 —0.99
25 414 208 1.70 -0.98
26 486 4.42 264 -0.92
27no ellipsoid fit possible
28 6.38 3.24 294 -0.92
29 6.04 7.94 268 -098
30 1072 2.00 1.86 -0.97
31 6.88 5.20 216 -0.95
32 1044 384 146 -0.97
33 446 1,60 220 -0.89
34 1868 7.92 232 -0.98
35 538 b5.78 250 -0.83
36 2b62 248 200 -092
37 7.08 3.94 266 —-0.97
38 4,26 5.36 486 -094
39 294 4,04 1.78 —0.88
40 8.20 7.38 1.90 —-0.97
41 488 3.72 2.74 -0.93
42 6.02 3.54 1.92 —-0.95
43 6.32 4.24 1.34 —-0.94
44 3.98 4.82 212 -0.94
45 3246.00 2.82 2590.14 -0.93
46 768 4.12 278 —0.96
47 7.72 4.08 1.88 —-0.98
48 582 7.18 460 —0.97
49 6.86 2.86 280 -0.96
B0 6.30 5.06 3.08 —0.94
51 5,74 6.82 444 093
52 6.06 6.00 207.78 -0.87
53 754 7.68 318 —-0.93
54 058 048 048 041
55 436 8.64 352 092
Total mean —0.93

N1 Number of pairs used in optimization
N2 Number of pairs in set
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Wrong Decisions

Accepts Reject
1
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No. of
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Total N1

1

_, N0 2,00 0N 2O 020002000 =0
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1
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11
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TABLE 7

Davidson and Friede Data — Normal Ogive Fit Ellipsoids
¢=05

Colour Semi-axes Sizes Wrong Decisions  Correlation
%A vs. AF
Lt Ct Ht Accepts Rejects Total

A 358 172 064 O 0 0 (.89
B 218 242 132 1 1 2 -0.71
D 210 1652 096 O 2 2 -0.76
E 2322 094 106 O 1 1 -0.80
F 0.78 062 090 O 3 3 —-0.75
G 254 0.88 0.68 1 0 1 -0.83
H 3.50 490 204 2 0 2 —-0.93
| 648 1.04 086 O 0 0 -0.81
J 2.78 240 1.02 1 0 1 —0.89
K 152 272 106 O 1 1 —0.84
L 192 134 102 O 0 0 —0.87
M 2536 442 118 1 1 2 -0.69
N 298 266 128 O 0 0 -0.79
0 268 1.36 1.96 2 1 3 —0.86
P 220 11.02 022 O 0 0 --0.89
Q 236 3.10 1.32 1 1 2 -0.87
R 344 198 1.06 1 1 2 -0.82
S 0.88 1.14 3.30 2 1 3 —0.68
T 396 62.00 148 O 1 1 —0.84

Total 12 14 26 mean-0.82

value of AEt = 0.97 is substituted for the standard tolerance
value of AEt = 1, The results are as follows:

Disagreements
Accepts Rejects Total

AFt =0.97 9 14 23 (8.0%)

As with the linear regression fit tried earlier, there are
again some extremely large axes sizes in certain colours.

Linear regression anaiysis of the Saturation and Hue axes
against the Metric Chroma value of the standards (C7} and of
the Lightness axes against the Lightness of the standards (L 7)
was carried out. The regression equations determined were as
follows:

Correlation No. of Significance

Coefficient Pairs Levels (%)
Lightness semi-axes
Lt=0.042L7+0.630 0.575 17 2
Metric Chroma semi-axes
Ct = 0.050C7 + 0.636 0.833 17 0.1
Hue semi-axes
Ht =0.0085 C7+ 0.830 0.629 17 1

The above simple linear relationships were used as a
matching formula tc generate the semi-axes of the tolerance
ellipsoids and this formula {called Formula type A"} was
tried out on the Davidson and Friede data. The result was —

Disagreements
Accepits Rejects
19 15

Total
34 (11.8%)

The results from this simple formula equal the best
previous results obtained on the Davidson and Friede data.
From Table 2 it can be seen that the only equivalent results
to date have been those obtained by moved origin optimiza-
tion by McDonald and Gailey [7].

Linear regression between the AEt values ohtained from
the optimized ellipsoids and % Acceptability for a// of the
287 pairs gave a correlation coefficient of —0.796, and the
mean coefficient from averaging the 19 /ndividual correlation
coefficients was —0.815.

(i) J & P Coats Data

Using a similar approach to that employed for the Davidson
and Friede data, ¢llipsoids were fitted to the 617 J & P Coats
pairs with standard deviation of observation values of 0.2,

TABLE 8

Normat Ogive Fit Ellipsoids — Coats Data (¢ = 0.3}

Colour Semi-axes Sizes Wrong Decisions Fit Sum of
Squares
Lt Ct  Ht Accepts Rejects Total
1 482 454 324 0 1 1 128
2 714 414 244 0 1 1 532
3 1812 546 2.64 1 0 1 1208
4 874 312 266 0 0 0 440
5 640 5.12 2.84 0 0 0 123
6 530 276 252 0 0 0 266
7 578 180 2.66 v 0 0 1016
8 644 452 1786 0 0 0 511
9 792 486 2.18 1] 0 0 58
10 7.66 11.08 232 0] 0 0 266
11 586 140 144 1 0 1 447
12 5.24 452 1.62 o 0 0 71
13 3.88 8.30 3.35 1 0] 1 4298
14 7,18 3.06 1.74 0 0 0 523
15 6.88 3.12 1.50 0 0 0 273
16 5.02 6.10 1.96 0 0 0 503
17 1392 394 2.10 0 0] 0 67
18 4.92 248 1.98 0 0 0 346
19 47.80 3.62 2.66 0] 0 0 1175
20 6.04 5388 4.10 0] 0 0 458
21 6.06 4.82 260 1 0 1 2490
22 6.04 4.10 3.58 1 0 1 1152
23 7.76 3.38 566 0 0 0 707
24 794 1.28 1.84 0 0 0 52
26 578 3.18 1.36 0 1 1 442
26 3.36 4.24 282 1] 1 1 1232
27No ellipsoid fit possible
28 502 3.26 268 0 0 8] 1338
29 508 806 276 0 0 o 133
30 672 222 194 0 0 0 975
31 784 546 1.54 0 0 0 503
32 6.82 372 1.66 0 0 0 236
33 4.62 1.58 2.22 0 0 0 1124
34 9,12 490 2.18 0 0 0 411
35 506 392 232 1 0 1 1580
36 586 256 1.96 0 1 1 910
37 6.68 398 264 0 o 0 36
38 352 5.14 464 0 0] 0 489
39 302 398 1.80 1 0 1 1858
40 6.06 638 1.78 0 0 0 319
41 562 258 2562 2 0 2 865
42 486 346 2.10 1] 0 0 334
43 6.60 4.86 1.40 1 0 1 1568
44 358 4.80 206 ¢ 0] 0 1232
45 580 294 276 1 1 2 1560
46 7.34 410 3.32 1] 0 0] 679
47 7.84 390 1.90 0 0 0 471
48 598 7.30 4.38 0 0 0 615
49 938 200 1.76 1 0 1 963
50 6.84 5.26 3.04 0 0 0 962
51 540 6.96 3.00 0] 0 0 1084
52 598 596 2.488 1 1 2 2109
B3 7.28 7.38 296 0 0 0 1089
54 638 1.70 3.34 0 0 0 249
56 454 890 250 1 0 1 1469
Total 14 7 21 46349
(2.3%) (1.1%) (3.4%)
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0.25, 0.28, 0.3, 0.32, 0.35, 0.5. The lowsst number of wrong
decisions in relation to the corporate panel observer was
obtained using the vaiue of g =0.30.

The axes sizes, together with the numbers of wrong
decisions resulting from this optimization approach are listed
in Table 8, There are only 21 (3.4%) disagreements with the
visual panel decisions compared to 40 (6.5%) found with the
linear cotrelation fit listed in Table 6, A chromaticity piot of
the ellipsoids obtained is given in Figure 7.

The ellipsoid axes were plotted against the Metric
Chroma and Lightness values of the colour standards and
these plots are shown in Figures 3, 4 and 5.

From linear regression analysis of these data the follow-
ing regression equations were obtained:

Correlation No. of Significance

Coefficient  Pairs Level (%)
Lightness semi-axes
Lt=0.0309L7+3.95 0.42 b0 1
Metric Chroma semi-axes
Cr=0.0925C7 +1.70 0.94 49 0.1
Hue semi-axes
Ht=0.0114C1 + 2.01 0.34 51 2

Those axes with very large values were discounted during the
regression.

When the tolerance ellipsoid axes were defined by the
above set of linear equations, the matching formula (called
Formula type “A”) which resulted gave the following
number of disagreements relative to the corporate decisions
of the matching panel.

Disagreements
Accepts Rejects
37 36

Total
73 (11.8%)

For comparison purposes the performance of the
currently available published formulae, were tested on the
617 pairs of Coats data. The results are given in Table 1.

The formula based on these simple regression equations
gives a performance in terms of wrong decisions superior to
that formulae listed in Table 1. However, the performance is
still considerably inferior to that attained by the individually
fitted ellipsoids.

{iii) Ellipsoid Fitting — Normal Ogive Fit with Qrientation

It is possible that imperfections in the underlying visual
theory on which the ANLAB colour space is based could
mean that the optimum direction of the tolerance ellipsoid
fitted around a particular standard is not along the directions
Metric Chroma and Hue but at some angle to these
directions. Optimizations were therefore carried out on the J
& P Coats data using the Normal ogive fit but with the
additional variable of allowing the angle of orientation to
change freely.

In order to do this type of optimization the optimization
technique described above was inserted as a sub-routine into
a larger program which varied the angle of orientation of the
ellipsoid. Ellipsoids were therefore optimized at a variety of
angles which were altered systematically until the sum of
squares goodness of fit criterion was at a minimum. The
algorithm used to alter the angle of orientation systematic-
ally was that of Davies, Swann and Campey [9].

The ellipsoids obtained from this optimization are given
in Table 9. The number of pass/fail disagreements in relation
to the corporate visual panel decision at 17, is lower than
that obtained when no orientation changes are permitted,
listed in Table 8 at 21. However, this only amounts to a
decrease in disagreements from 3.4% to 2.7% disagreements
and the extra complication of varying ellipsoid orientation is
not considered worthwhile from a practical point of view.
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Moreover, when the ellipsoids obtained from this opti-
mization technique were plotted on the ANLAB chro-
maticity chart, no systematic pattern in angle of orientation
could be found,

It is therefore, considered that orientation of tolerance
ellipsoids along the psychologicali directions of Metric
Chroma and Hue is satisfactory, and that no practical
advantage is to be gained by additionally complicating the
picture by altering orientation angles from these directions.

APPENDIX IV

Ellipsoid Fitting — Standard Normal Deviate Fit

There are difficulties in optmizing ellipsoids via a normal
ogive to predict % Acceptability in that the visual matching
error ¢ of the observer must be assumed in order to generate
the formula % Acceptability. In the normal ogive %
Acceptability fit optimizations described in Appendix I,
this meant that several optimizations of the visual data had
to be carried out, It was considered that this problem
could be eliminated if an approach based on the following
analysis was used,

If the reproducibility o of the observer is known any
measured AEFt value can be converted into standard normal
deviates D using the equation:

Equation AEt —T

U

=D

The % Acceptability values of the visual data were first of
all converted into Standard Normal Deviates using published
tables of the normal distribution. The relationship between
colour difference and standard deviation is near linear only in
the range of 10% Acceptability to 90% Acceptability so that
values outside this range must be ignored if the Standard
Normal Deviate values are to be used for subsequent linear
regression analysis.

The above Eqgn can be re-arranged to obtain —

AFt=0D+T

Thus, if a particular colour centre is taken and the AFt values
plotted against the normal deviates, as shown in Figure 2 (e),
a linear relationship with gradient equal to the observer
matching error 0 for that particular point in coiour space,
and intercept equal to the matching tolerance 7 will be
obtained. The residual sum of squares about the regression
line is a measure of the equation error. For a perfect
equation all points should lie on the regression line,
(assuming that the % Acceptability values {visual observ-
ations) are error free). By using the Simplex program it is
possible to optimize the size of the tolerance ellipsoid axes
for any colour centre to cbtain the highest correlation
coefficient in the above linear regression.

At the end of each loop in the iteration the intercept
from the linear regression is examined. The object is to scale
the ellipsoid such that for samples with 50% Acceptability, T
= 1. This means that at 0 = 0 the intercept should be 1.0. If
the intercept is, for example, 1.25, then this means that the
tolerance ellipsoid axes are too small and therefore the axes
must be multiplied by 1.25 to scale the ellipsoid such that
50% Acceptability equals a tolerance of 1 unit. During the
Simplex optimization the ellipsoid axes are re-scaled at the
end of each loop so that at the end of the iteration an
optimized ellipsoid is obtained which gives AEt values such
that the intercept 7 = 1 and the correlation coefficient of
regression is at a maximum. This ellipsoid is the 50%
Acceptability ellipsoid for the colour centre.

The axes sizes, correlation coefficients, number of wrong
decisions and the observer reproducibility are given in Table
10 for the Coats data.



TABLE 9

Angle Optimized — Normal Ogive Fit Ellipsoids — Coats Data
(s = 0.3} Ellipsoid Rotation: + Anticlockwise; — Clockwise

Colour Semi-axes Sizes
Lt ct Ht Accepts

1 446 448 3.32 0
2 7.30 394 244 0
3 802 592 266 0
4 6.74 3.22 250 0
5 650 5.20 2.78 0
6 6.28 320 244 0
7 bo6 3.66 2.06 0
8 652 430 178 0
9 790 490 220 0
10 7.64 11.06 232 0
11 4.86 1.40 1.44 1
12 524 480 1.80 0
13 3.84 934 3.36 1
14 7.70 3.08 1.74 0
15 7.82 3.14 160 0
16 5.10 6.10 1.96 0
17 31.08 3.98 2.02 0
18 8.36 2.44 1.90 0
19 6.08 450 260 0
20 6.00 598 4.12 0
21 626 7.78 2.36 1
22 6.34 440 3.40 0
23 806 356 210 0
24 4588 1.22 3.50 0]
25 460 4.00 142 0
26 3.36 422 280 0

27No ellipsoid fit possible
28 6.26 4.38 2.66 0
29 504 1284 260 0
30 694 224 184 0
31 744 4200 206 0
32 6.82 392 1.66 0
33 462 158 2.22 0
34 956 492 222 0
35 5.24 26.84 184 1
36 838 286 1.82 0
37 6.70 3.94 2862 0
38 350 5.14 4.64 0
39 4.18 568 1.64 0
40 6.28 7.70 1.86 0
41 6.82 392 252 1
42 490 850 1.84 0]
43 522 4.08 144 0
44 3.08 17.60 2.22 0
45 5.88 19,44 208 0
46 746 4.08 2.10 0
47 7.60 26.92 1.60 0
48 596 7.50 4.24 0
49 12.94 6.44 1.60 1
50 6.44 524 304 0
51 5.38 7.40 292 0
52 590 598 2.88 1
53 6.28 740 294 0
54 6.32 1,74 244 0
55 7.44 930 0.84 0
7

Total (1.1%)

Wrong Decisions

Rejects
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Fit
Sum of
Squares

98
522
674
329
113
133
275
452

55
265
447

40

4284
518
265
487

66
289
900
457

1353
516
557

38
425

1225

1017
64
958
359
236
1124
365
1342
285
31
489
92
231
534
258
852
720
979
663
328
506
717
956
704
2030
1050
243
343
32221

Ellipsoid
Rotation
Degrees

+10.3
- 2.7
+ 9.0
—28.7
- 1.8
—40.3
+39.2
— 4.3
+ 0.6
<+ 0.25
+ 0.2
6.7
5.3
0.3
2.6
0.5
2.0
9.5
- 0.3
+ 0.9
-18.5
+13.2
+17.3
—-30.1
+10.0
+ 14

+ + + |

+ + |

+61.0
— 786
- 51
—-22.8
<+ 0,25
<— 0.25
+ 9,2
-36.7
— 8.8
+ 4.3
— 04
—17.8
— 6.1
+21.3
+26.0
— 1.39
+16.1
+119.6
+10.7
+30.8
+ 2.0
—33.8
+ 1.4
+11.9
+ 3.6
+ 0.7
— 6.1
+ 35
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TABLE 10

Coats Data — Standard Normal Deviate Fit excluding pairs
with %A =0 and %A = 100

Colour Semi-axes Sizes Wrong Decisions o Correfation No. of
Observer AEtvs. Samples
S.N.D.
Lt Ct Ht Accepts Rejects Total N1 N2
1 4.86 4.54 3.20 0 1 1 0.293 0.98 7 11
2 41398 b5.42 2.46 0 0 0 0.429 0.97 10 M
3 28.94 85.08 2.42 1 0 1 0.308 0.93 8 1
4 46.38 4.24 2,32 0 0 0 0.303 0.92 8 11
5 6.36 5.08 2.92 0 0 0 0.278 0.98 10 11
6 1028 2.70 2.40 0 0 0 0.257 0.99 8 11
7 1048 2.60 2.34 0 1 1 0.383 0.96 0 1"
8 6.94 508 1.88 0 0 0 0.337 0.93 g8 1
9 9.76 5.98 2.32 0 0 0 0.409 0.97 6 11
10 375.20 27.00 2.64 0 0 0 0.502 0.97 7 1
11 5.04 154 1.24 0 0 0 0.372 0.94 10 1
12 6.12 5.00 2.50 0 0 0 0.347 0.96 7 10
13 3.28 12.76 2.70 1 0 1 0.281 0.70 9 11
14 12.88 2.74 1.78 0 0 0 0.363 0.97 8 11
15 6.26 3.18 1.62 1 0 1 0.272 0.97 g8 11
16 470 5.82 2.02 0 0 0 0.172 0.95 7 1
17 8.82 4.02 2.14 2 0 2 0.340 0.99 7 1
18 6.66 242 1.92 0 0 0 0.326 0.98 8 1"
19 564 3.72 2.62 0 0 0 0.233 0.84 8 1
20 5.12 6.06 4.06 0 0 0 0.234 0.93 9 N
21 560 4.94 2.74 1 0 1 0.182 0.94 g 1
22 294 454 6.00 2 1 3 0.135 0.88 8 12
23 8.08 3.34 4.46 0 0 0 0.282 0.98 10 12
24 117590 1.14 848.72 2 0 2 0.396 0.993 3 12
25 434 3.02 1.64 0 1 1 0.311 0.97 g9 12
26 5.38 4.42 2.66 0 1 1 0.282 0.92 9 12
27No ellipsoid fit possible
28 6.34 3.34 2.74 0 0 0 0.238 0.94 9 12
29 .58 8.16 2.86 0 0 0 0.26¢2 0.99 6 12
30 31.18 1.76 1.88 0 0 0 0.504 0.95 8 12
31 6.84 538 2.18 1 1 2 0.308 0.95 10 12
32 758 3.84 1.60 0 0 0 0.327 0.98 8 12
33 5.72 (.50 2.06 0 0 0 0.240 0.90 9 12
34 11.20 4.86 2.50 1 0 1 0.278 0.95 9 12
35 588 3.86 2.24 1 1 2 0.341 0.84 7 12
36 23.96 248 1.88 0 2 2 0.369 0.95 9 1
37 6.60 3.96 2.66 0 0 1] 0.299 0.99 7 11
38 3.24 504 4.66 0 0 0 0.299 0.97 9 1M
39 270 410 1.74 1 1 2 0.235 0.88 10 11
40 6.44 6.66 1.92 1 0 1 0.358 0.98 9 1
41 6.56 3.40 2.74 2 0 2 0.284 0.94 8 11
42 2.94 398 2.18 0 0 0 0.252 0.99 5 M1
43 7.66 b5.26 1.18 1 0 1 0.795 0.87 6 11
44 3.56 4.88 2.12 1 0 1 0.216 0.93 7 12
45 139168 2.96 1049.34 2 1 3 0.575 0.95 12 12
46 7.36  4.10 3.44 0 0 0 0.288 0.85 12 12
47 7.16 4.10 1.90 0 1 1 0.267 0.98 9 12
48 6.02 7.36 4.68 1 0 1 0.235 0.95 10 12
49 6.62 3.02 2.78 1 ¢ 1 0.322 0.96 9 12
50 7.42 5.78 298 0 0 ¢ 0.169 0.95 8 12
b1 598 7.58 3.62 1 0 1 0.264 0.94 7 12
52 576 6.20 339.26 5 0 b 0.277 0.86 8 12
53 7.34 7.56 3.12 0 0 0 0.388 0.94 6 12
54 121.00 1.28 1.04 0 1 1 0.212 0.92 6 12
b5 402 952 3.34 1 0 1 0.254 0.88 8 12
30 13 43 0.313 617

Total (4.8%) (2.1%) (6.9%)
N = Number of pairs used in optimization

N2 = Number of pairs in set
SND = Standard Normal Deviates
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Disappointing results were achieved with this approach.
The number of wrong decisions was higher than that
obtained from ellipsoids optimized by the linear correlation
Fit listed in Table 6 and the Normal Ogive Acceptability Fit
listed in Table 8. It may be that the inferior performance is
due to the omission of those samples with 100% and 0%
Acceptability.

It can be seen from Table 10 that there is some variation
in observer matching error ¢ at the different colour centres.

Interestingly, the mean value of the gradients (observer
error g) was found to be 0.313, Thus, this approach gives the
same value of ¢ = 0.3 for mean cbserver matching error as
that found to give the lowest number of wrong decisions in
the Normal Ogive Acceptability Fit optimization in
Appendix |11,

APPENDIX V

Hue-angle Dependent Regression Analysis

The optimization criterion which gave least disagreement
with visual observation is the Normal Ogive Acceptability Fit
described in Appendix |11 and these ellipsoids were shown to
be affected by Metric Chroma and Lightness of standard. [t
was also of interest to know if the tolerance ellipsoids are
affected by the Hue angle of the standard.

(i} Coats Matching Data
The hue clusters of the Coats data lie in fairly well defined
sectors of the Hue circle. The chromaticity diagram of
ANLAB space was therefore divided into sectors of 45
degrees and, for the Normal QOgive ellipsoids occurring in
each sector, linear regression was carried out on the Metric
Chroma axes and the Hue axes against the Metric Chroma of
the standards,

The following results were obtained from the Metric
Chroma axes:

Angle 45 90 135 180 225 270

Gradient 0.094 0.122 0.091 0.106 0.08¢ 0.102

Intercept 1.280 1.240 1.870 1.424 1400 1.696

Correlation 094 092 094 0987 0.85 0.88

Significance

level (%) 0.1 0.1 0.1 0.1 2.0 0.1

No. of colour

centres 10 10 8 5 5 6
The following results were obtained for the Hue axes:

Angle 45 20 &35 480 225 270

Gradient 0.012 0.013 0.012 0.022 0.053 0.0t8

Intercept 1.804 1.662 2.014 1.742 1.492 1.352

Correlation 0.580 0.610 0.290 0470 0.840 0.610

Significance

level (%) 5 5 N.S. NS, 2 N.S.

No. of colour

centres 10 10 8 5 5 6

The tests indicate that for Lightness and Metric Chroma
axes, there is no significant improvement to be obtained by
fitting either separate parallel lines or independent skew lines
for each Hue sector. The size of Lightness and Metric
Chroma axes are independent of the Hue angle.

The tests show, however, that there is a significant
improvement in fit to be obtained by using independent
skew lines for the Hue axes. Further analysis showed that the
Hue-angle dependence of the Hue axes was particularly due
to the difference in dimensions of these ellipsoids in the Red
sector (0/360).

The indications of the significance tests were confirmed
by analysis of the disagreements with visual observation
resulting from matching formulae based on eight sector-
dependent equations and on single Hue-independent equa-
tions, as follows:

The above eight regression equations for Metric Chroma
and for Hue were combined with the single Lightness
equation previously determined from these ellipsoids i.e.
Lt=0.0309 L7+3.95 (Appendix Ill)., When these eight
equations were used to define matching tolerances the
following results were obtained from the Coats data:

Disagreement
Accepts Rejects Total
28 28 56 (9.1%)

The above eight equations for Hue only were then combined
with the single Lightness equation and Saturation eguation
previously determined from these ellipsoids|i.e. Lt =0.309
L7 +3.95:Ct=0.0925 C7 +1.70 (Appendix |1l}). From these
equations the following results were obtained for the Coats
data:

AFt =0.98

Disagreement
Accepts Rejects
30 20

Total
AEt =098 57 {9.2%)
3156
0.090
1.684
0.96

0/360
0.097
1.636
0.87

0.1 0.1

6 "

316

0.005
1.996
0.200

0/360
0.047
1.668
0.930

N.S. 0.1

6 11

The following results were obtained for the Lightness axes versus Lightness of standards:

Angle 45 a0 136 180 225 270
Gradient 0.008 0.037 0.053 0.0005 0.037 0.139
Intercept 5.000 3.502 2.834 5.264 4,222 -1.226
Significance

level (%) N.S. 10 1 N.S. N.S. 1

No. of colour

centres 9 11 8 4 6 8

The regression lines above were compared using statistical
methods described in Davies and Goldsmith [14]. Signi-
ficance tests were carried out 1o check if all the data points
may be considered to lie on a single line common to all
points, on separate but paralle! lines or independent skew
lines.

315 360
0.016 0.013
4.142 4.280

N.S. NS,

6 1

The insignificant difference in disagreements from these
two sets of results confirms that it is not necessary to have a
Hue dependent term to define adequately the Metric Chroma
tolerances and Lightness tolerances.

Both of the above results are, however, considerably
better than the 73 (11.8%) disagreements obtained from
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tolerance equations based on the completely Hue-
independent equations for Lightness, Metric Chroma and
Hue of Appendgix {lI, thus confirming the advantage of
incorporating a Hue-dependent factor in the definition of
Hue tolerance.

if the eight sector dependent equations for Metric
Chroma and Hue are used, the size of the Metric Chroma and
Hue axes for a series of colours of different Hue angles but
similar Metric Chroma (C7 = 30} can be calculated. Such axes
are plotted in Figure 6. It can be seen that the Metric
Chroma axes only vary by around 10% as the Hue angle of
the standard is changed, confirming that the Metric Chroma
axes are independent of Hue angle. However, the Hue axes
are varying by around 50% in size in a fairly regular cyclical
manner. More interestingly the Hue axes show a tendency to
be smaller in the brown region and larger in the turquoise
region. This coincides with findings reported earlier by
McDonaid and Gailey that ANLAB colour tolerances are
tighter in the browns and slacker in turquoise colours [7].

Examination of the intercepts of the above linear
regression ecquations shows that for both Hue and Metric
Chroma the intercepts are very similar, The mean value for
the Hue and Metric Chroma intercepts combined is 1.62.

Regression through the origin was therefore carried out
on the axes after subtracting 1.62 from each axis. This is in
effect a linear regression forcing each equation through the
intercept 1.62. The following gradients were obtained:

Angle 45 20 135 180 225 270
Gradient of

Metric Chroma 0.088 0.105 0.100 0.093 0.077 0.106
Correlation 094 092 094 097 085 0.88
Significance

level % 0.1 0.1 0.1 0.1 2.0 1.0
Gradient of

Hue 0.015 0.014 0.026 0.029 0.046 0.007
Correlation 058 061 029 047 0.84 0.61
Significance

level % 5.0 5.0 N.S. N.S. 2.0 N.S.
No. of

Samples {N) 10 10 8 5 5 6

Using the above gradients equations of the form: Axes
size = a CT + 1.62 were obtained and used as the basis of a
matching system. When these eight matching equations were
used combined with the Lightness axes equation previously
determined from the ellipsoids, i.e. Lt =0,309L7+3.95as a
matching system the following results were obtained from
the Coats 630 data:

Disagreements
Accepts Rejects
22 32

Total
AEt =0.96 54 (8.7%)

The correlation coefficients for a comparison of actual
Hue and Saturation axes against axes predicted by the single
Hue independent equations derived in Appendix |l and
those derived by the above sector-dependent equations
increased from 0.34 (N =51) to 0.72 (N =51} for the Hue
axes but decreased from 0.94 (N =49) to 0.93 (N = 49) for
the Metric Chroma axes. These regression equations give
correlations not significantly different from those obtained
using the variable intercept equations described at the
beginning of this appendix.

Here also, according to the correlation coefficients, there
is no advantage in using eight equations to describe the
Metric Chroma axes. Therefore the single Hue-independent
Ct and Lt equations derived in Appendix |11 were combined
with the eight Hue-dependent equations derived above. The
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following results were obtained from this formula (called
Formula type “B"}):

Disagreements
Accepts Rejects
26 30

Total

AfFt =0.98 56 (9.1%)

fiij Davidson and Friede Data

It was of interest to determine how the above eight-equation
matching formulae would perform on the Davidson and
Friede data. The first equation system, using varying
gradients and intercepts for each Hue sector and using the
Lightness and Metric Chroma tolerance determined from the
Coats data in Appendix Ill, was applied to the Davidson and
Friede data. The following results were obtained from this
type “B” formula:

Disagreements
Accepts Rejects
10 24

Total

AEt=0.39 34 (11.8%)

This is a good performance considering that the equa-
tions were derived from different matching data. It is equal
to the McDonald and Gailey ellipsoid formula with moved
origin [7] which also gave 34 disagreements, but in that case
the equation was optimized to suit the Davidson and Friede
data.

315 0/360
0.090 0.097
096 0.87
0.1 0.1
0.015 0.048
0.19 0.93
N.S. 0.1
6 11

Attempts were made to determine independently from
the Davidson and Friede ellipsoids if Hue tolerance alters
with Hue angle in these data. The attempts were unsuccessful
due to the small number of colour centres existing in each 45
sector of the Hue circle.

Thus although Hue dependent tolerance variation
improved the correlation with visual observation in the
Davidson and Friede data, this type of tolerance variation
could not be systematically derived from the Davidson and
Friede data alone due to the insufficient number of colour
centres involved.

Fourier Equations
In the second of the equation fitting approaches to the Coats
data described above, eight sector dependent equations to
define Hue axes sizes were fitted through a common
intercept of 1.62, The gradients of the equations varied in a
cyclical manner. The equation which defines the Hue axes
size in any given sector is:
Ht =gC1+1.62

The following Fourier equation was derived to define the
variation in the gradient (g) through the eight Hue sectors:
g = —0.0010782 sin 8 + 0.00599989 sin 260 — 0.00457824

sin 30

— 0.00338155 cos 8 + 0.014 cos 20 + 0.0128818 cos 34

+0.0245

A matching formula based on this definition of the Ht



axes, combined with the following single Hue independent
equations for Metric Chroma and Lightness from Appendix
I, was tested:

Lt =0.0309 L7+3.95

Ct =0.0925C7+ 1.70
The formula (called Formula type ““C’’) gave the following
performance:

Disagreements

Accepts Rejects Total
Coats Data AFt=0.94 21 38 59 (9.6%)
Davidson and
Friede Data AFt =040 10 24 34 (11.8%)

Because the Lightness equation determined earlier in
Appendix Il from regressions on the Davidson and Friede
data is quite different from that determined from the J & P
Coats data, the Davidson and Friede Lightness equation was
combined with the above equations for Hue and Metric
Chroma obtained from the Coats data, with the following
result:

Disagreements
Accepts Rejects Total
Davidson and

Friede Data AEt =047 18 15 33 (11.5%)

The Fourier equation derived above to fit the Coats data
performs almost as well as the eight individual Hue equations
and provides a more useful colour matching formula since
the variation of Hue tolerance is now defined in a continuous
manner instead of in discrete Hue sectors.

APPENDIX VI
Further Lightness Relationships
The investigations carried out in Appendices |1—V have shown

that tolerance ellipsoid Metric Chroma axes dimensions are
affacted by the Metric Chroma of standard, the Hue axes

TABLE 11
Pass/Fail Formulae — Disagreements with Visual Decisions

% Disagreement

Data Ref. Noof ANLAB Formula formula
Samples C D
J & P Coats 1 617 21.4 9.6 8.4
Davidson and
Friede 2 287 20.6 11.8 1.1
ISCC 17 179 13.4 8.5 7.8
J&P Coats 18 8454 22.7 16.2 16.3
Kuehni
Metropolitan 8 287 156.2 12.6 13.1
Morley® 8 518 19.9 17.6 18.1
HATRA 8 589 221 23.1 21.7

*visual pass level < 2.1 on visua! scale

dimensions by Metric Chroma and by Hue angle of standard,
and the Lightness axes dimensions by Lightness of standard,
However, other relationships between ellipsoid dimensions
and position of standard in ANLAB space have been found.

Using the statistical tests of Davies and Goldsmith
mentioned in Appendix V the significance was examined of
linear regressions between all remaining combinations of
Metric Chroma and Hue of standard and the Lightness,
Metric Chroma and Hue axes of the ellipsoids. A significant
linear correlation {1% level) was found between Hue axes and
Lightness and a slightly lower correlation (5% level) was
found between Metric Chroma axes and Lightness.

It has already been shown that ellipsoid Metric Chroma
and Hue axes are affected by the Metric Chroma of standard;
it was of interest to see if, after applying the correction for
Metric Chroma of standard already found, there was any
significant relationship remaining between the corrected axes
and the Lightness and/or Hue angle.

It was found that there was a significant linear relation-
ship (0.1% level) between:

(a) Metric-Chroma-corrected Ct axes and Lightness of stand-
ard, L7

Ct/(0.0925C7 + 1.70) = 0.00392L7+ 0.7193
{b) Metric-Chroma-and Hue-angle-corrected Ht axes and L7

Ht/(gCT +1.62) = 0.0065L7 +0.6173
These relationships were found to be independent of Hue
angle. There was no significant linear relationship between
the Lightness-corrected Lt axes and Metric Chroma or Hue
angle of standard.

The lightness and Hue axes-defining equations of Form-
ula type C were therefore modified to incorporate these
relationships and used together with the unmodified Light-
ness axes equation of Formula type C to give the following
equations:

Ct = (0.0925C7 +1.70) (0.00392L7 +0.7193)

Ht = (gC? + 1.62) (0.0065L7 + 0.6173)

Lt=0.0309L7 + 3.95
The performance of the pass/fail formula based on these
equations (called Formula type D) was as follows:

Disagreements

Accepts Rejects Total
Coats Data, AFt=1.0 31 21 52 (8.4%)
Davidson and
Friede Data, AEt=0.4 5 27 32 (11.1%)

Again with the Davidson and Friede data, further
improvement in agreement with visual observation was
obtained by substituting the Lt equation specifically derived
to fit the Davidson and Friede data in place of that derived
from the Coats data:

Disagreements

Accepts Rejects Total
Davidson and

Friede Data, AEt=0.44 10 20 30(10.5%)

The disagreement here is even lower than that reported in

Appendix V.,
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