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The process of diffusion—adsorption in the acid dye—nylon
system has been analysed on the basis of a diffusion model
incorporating instantaneous dual adsorotion of the
Langmuir and the Nernst type. The calculated dye-concen-
tration profiles obtained were in good agreement with
experimental results previously reported for various

acid dye—nylon systems. Furthermore, the model satis-
factorily explained the concen tration-dependence of the
diffusion coefficients of dyes derived experimentall v by
the Matano method.

INTRODUCTION

The dyeing of textile fibres provides a unique field in indust-
rial mass-transfer processes in that diffusion of the dye is
always accompanied by adsorption, partition or reaction,
and the spatial distribution of dyes as well as their uptake
and their rate of diffusion in the fibres are regarded as of
major significance. Only comparatively recently have satis-
factory kinetic studies of the dyeing process been made,
through direct observation of the distribution of dye con-
centration inside fibres or films with the aid of the micro-
spectrophotometric technique [1], the microdensitometric
technigue [2] and the film-roll method [3]. The diffusion
coefficients of dyes within fibres or films have been deter-
mined as a function of the dye concentration using these
technigues.

When the dye diffuses into the pores of fibres or films
and is instantaneously adsorbed on the substrates with
Nernst-type adsorption (partition), as is the case with dis-
perse dyes, the diffusion coefficient derived on the basis
of homogeneous diffusion remains constant irrespective
of the dye concentration, and can be taken as the true
diffusion coefficient (Dp) divided by the adsorption capacity,
e, Dp/(p + k), where p is the porosity of the polymer phase
and k is the Nernst-equation constant, thereby distinguishing
the true diffusion coefficient from the measured diffusion
coefficient.

The diffusion of other types of dye within fibres or films
is more complicated and cannot be treated in such a simple
way. When the adsorption isotherm of the dye is not linear,
the factors influencing the kinetics of adsorption of the dye
are included non-linearly in the measured diffusion coef-
ticient [1-3], so there is no clear relationship between the
constant, true diffusion coefficient and the measured dif-

fusion coefficient. For example, in the acid dye--nyion film
system, the higher the concentration of dye in the film, the
greater is the measured diffusion coefficient. In general,
however, it is difficult to allocate a concentration-dependence
to the diffusion coefficient in homogeneous systems. It
would be necessary to deduct the contribution of adsorption
from the measured diffusion coefficient.

In this paper, therefore, we have considered the dyeing
kinetics of acid dyes in nylon where the diffusion coefficient
had previously been reported to be strongly dependent on
the dye concentration. The dyeing process was modelted by
a process of simultaneous diffusion and adsorption. It was
assumed in this model that the diffusion coefficient of the
dye within the polymer phase remains constant, regardless of
the dye concentration, and that the adsorption isotherm is
described by a form of dual adsorption based on the equa-
tion of Langmuir and that of Nernst. The intrapolymer dif-
fusion coefficient calculated by Matano’s method [4] was
found to be dependent on the concentration of dye, as was
the case with the proposed model. Consequently, in order
to accord with the concept that the diffusion coefficient
within fibres or films is essentially constant regardless of the
dye concentration, the diffusion coefficient should not be
determined by Matano’s method, but by a procedure derived
on the basis of simultaneous diffusion and adsorption.

THEORETICAL BACKGROUND FOR THE DIFFUSION—
ADSORPTION MODEL

The textile polymer substrate consists of solid crystalline and
amorphaus regions, and pores. The crystalline and amorphous
regions cannct be distinguished from each other. Micro-
scopically, the diffusion coefficient inside the polymer varies
from position to position. It is difficult and unrealistic from
an engineering point of view to attempt to give a rigorous
mathematical description of such a compiex diffusion system.
For simplicity, therefore, it is assumed that the polymer is
composed of a solid phase and pores. All the pores contri-
bute to the transport of dyes, whereas the solid phase, i.e.
the crystalline and amorphous regions, is almost impermeable
to dyes. The diffusion coefficient in the pores is further
assumed to be independent of the dye concentration and the
position of the dye in the polymer. The effective diffusion
coefficient, which is dependent on the tortuosity and poro-
sity of the polymer phase, corresponds to the actually
measured diffusion coefficient. It is also assumed that there
are two kinds of adsorption site, viz. Langmuir and Nernst
sites, in order that the dyeing model! may accommodate the
overdyeing phenomenon, and that ali the adsorption sites
exist on the walls of the pores. Furthermare, the adsorption
step is regarded as being very rapid in comparison with the
diffusion process, so adsorption equilibrium is instant-
taneously attained throughout the polymer. Thus, the
dye diffuses in the pores according to a constant diffusion
coefficient while being at equilibrium with respect to adsorp-
tion.
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FORMULATION OF THE DYEING PROCESS
Note. The notation, Greek symbols and subscripts used are
as follows.

Notation

Freundlich constant appearing in Eqn 12
tortuosity factor

concentration of adsorbed dye {g/cm?)
concentration of unadsorbed dye (g/cm3)
total concentration of dye (g/cm?)
Langmuir constant appearing in Egn 1
effective diffusion coefficient {cm?/s)
apparent diffusion coefficient {em?/s)
diffusion coefficient in pore (cm?/s)
Nernst constant appearing in Eqn 1
Freundlich constant appearing in Eqn 12
p+k

porosity of polymer phase

Langmuir constant appearing in Eqn 1
time (s}

distance from surface of polymer phase {cm)

LGN R
°

;.

X+ IJTOLD

Greek symbols

n x/2\/Dpt/n
7 x/2\/t (em/s%)
3 VSeiledm (g/em?)

Subscripts
surface of film

.2  given position in film
Freundlich-type adsorption
Langmuir-type adsorption
Nernst-type adsorption

- 0O

Zr

In the case of the dyeing of nylon film with an acid dye, the
adsarption isotherm can be described by the dual adsorption
equation,

_ o Sc
C=Cyn+C =kc+ Py (1)
where Cy =k¢ for Nernst adsorption, and
CL= c-s-.fc for Langmuir adsorption.
i

In these equations, C and ¢ are the concentrations (g/cm?)
of adsorbed and unadsorbed dye respectively, whilst S, c; and
k are constants.

According to the dyeing model proposed in the previous
section, the conservation equation for the dye species can be
given in a one-dimensional system by

2
Sc ) = pDiy 0°C (2)
+c

a2 Plm
3 (oc + ke + b ax2

¢
where t is the time (s), Dint is the diffusion coefficient of the
dye in the pores, b is the tortuosity factor, x is the distance
from the surface of the polymer phase and the term pc is
the amount of free, unadsorbed dye in the pores.

Eqn 2 is simplified by introducing two constants:

n=p+k (3)
Dp :pDint/b (4)

Strictly,Dp should be termed the effective diffusion co-
efficient, but hereafter will be termed the diffusion co-
efficient. Eqn 2 then reduces to

3% (51

9
- {nc + ) = pgx—z

ot c.+c¢

i
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The initial and boundary conditions in the diffusion from
an infinite dyebath are given by

t=0; x>0, ¢=0 (6)
x—>e: >0, ¢=0 (7}
x =0; t>0, c=¢co (8}

Egn 7 implies that the thickness of the polymer phase is
regarded as being infinite from the point of view of dif-
fusion. Introduction of the dimensionless variable
n=x/2\/Dpt/n reduces the partial differential equation to an
ordinary one, viz.

Sg/n_\de _d%
_27?(1 + (C" +C)2) dn - dn2 (9)

If n is replaced by p in Eqn 9, then the treatment becomes
similar to that of Weisz et a/, [5] . The initial and boundary
conditions (Eqn 6—8) are also rewritten in terms of 17 as

n=0; c=co (10}
n>;c=0 (11)

When the Freundlich equation
Cg =ac™m (12)

(a and m are constants) is used as an adsorption isotherm
instead of the Langmuir equation, the corresponding con-
servation equation is

. am m- gﬁ:ic
272(1 +n C )dn dT]z (13)
subject to Eqn 10 and 11.

CALCULATION PROCEDURE FOR DETERMINING THE
DIFFUSION COEFFICIENT FROM THE DYE CONCEN-—
TRATION—-DISTANCE CURVE

The diffusion equation 5 is converted in terms of 7’ =x/2\/f—
to

Sc; d?
—zn'(n+ ! )90— -p &5 (14)

e, +c)?f dn’ P dn?

Integration of Eqn 14 from ¢ = 0 to ¢ = ¢y, with some re-
arrangement, gives

€ Sc; dn’
p,=-2| o+ =i)de(q (15)
° (C,-+C) c ¢ =g

where the subscript 1 {and later 2) indicates a given position
in the film. After expressing the integral and differential
terms of Eqn 15 by means of the measurable total dye con-
centration

¢’ =nc+ (16)

C"+C

Egn 15 reduces to

. c !
D,=-2{n+ 5¢; 5 L1‘l'dC' 117_’ 17
le; +e) )], de ¢'=c}

Egn 17 is also applicable to a diffusion process with a
concentration-dependent diffusion coefficient. In order to
obtain the value of the diffusion coefficient D, from Eqn 17,
the dye concentration—distance curve (¢ versus 1) and
adsorption isotherm (Eqn 18) are required.

In the acid dye—nylon system generally, Nernst-type
adsorption is negligible and the amount of free, unadsorbed
dye in the pores can also be ignored. In such a case, Egn 17
reduces to

(S*C:)z d’ﬂ' €1 [
=_ =4 d (18)
Dp 2 SC,' de C(:Cl' o nde




so the diffusion coefficient is readily obtained from the dye
concentration—distance curve and the adsorption isotherm.
When the concentration of dye in an infinite dyebath, c,,
and in the polymer phase at the equilibrium with ¢y, cg, are
both known, then with the aid of the relation

v c‘ ’ C’
(5—y)? :—", .| mde"=(5—c})? d—n) | e’
c’ Je'=ci| o de'fese; | 4 (19)

the value of § is obtained. The value of ¢; is obtained from
Ean 16 with n =0, using the known values of ¢y ,cy and S.

In the case where Freundlich-type adsorption is assumed
instead of Langmuir-type adsorption, the diffusion coeffi-
cient can be derived as follows:

[:4 dn’
= _ + m-1 At
D‘(J 2in+am ¢ )J n'de (——dc')cbc;

o

{20}

When n can be ignored, Egn 20 becomes

L m=1le; dn’
= . m -t m ! L LI
D,=-2mamc n'de & o {21)

o

RELATIONSHIP BETWEEN APPARENT AND ACTUAL
DIFFUSION COEFFICIENTS
In previous studies of the dyeing of nylon with acid dyes,
the diffusion coefficient of the dye has been evaluated from
its dye-concentration profile in nylon, using Matano’s
method. The Matano method, however, should not be applied
to the heterogeneous diffusion—adsorption phenomena
encountered in the dyeing of nylon with acid dyes, because
this method was derived in order to analyse homogeneous
diffusion systems. As a result, diffusion coefficients calcu-
lated by Matano’s method may vary with the dye concen-
tration in the pores. This concentration-dependency is prob-
ably caused by dye adsorption or chemical interaction with
the substrate. Such diffusion coefficients are termed apparent
diffusion coefficients in this section, the purpose of which
is to derive the relationship between the apparent and the
constant, true diffusion coefficient on the basis of the
concept of diffusion accompanied by adsorption.

According to the Matano method, the apparent dif-
fusion coefficient (D) is given as

_ S fdr a L
b=-2 (dc')c‘bc;\]‘o n'de

Comparison of Egn 22 with Eqn 17 leads to the relationship

(22)

Sei 23)

D=D,/n+
e (c; +c)?

For Freundlich-type adsorption the relation between D
and Dy is

D=D,/in+am em=1 (24)

RESULTS AND DISCUSSION

Eqn 9 cannot be solved analytically because it is not linear.
Consequently, this differential equation was solved numeri-
caily by using the Runge—Kutta—Gill method [6], to obtain
the dye-concentration distribution in the polymer. The
results are illustrated in Figures 1 and 2, where the dye
concentration, normalized by that on the surface of the
polymer, is plotted against 7, with ¢,/co and Sc,-/c%n as
parameters. As ¢;/co decreases, the dye concentration profile
gradually becomes sigmoidal and the distinction between
dyed and undyed regions becomes clearer. At the limit,
when ¢;/co > 0, the diffusion mechanism can be charac-
terized by means of a zone-progressive model [7] where

the vacant sites are occupied in order from the surface of the
polymer phase. On the other hand, with increasing c;lco,
the Langmuir adsorption has less influence on the dye
concentration profile, and the shape of the profile ap-
proaches that of an error-function curve, which is valid for a
homogeneous diffusion process without adsorption. The
recipracal of ¢; is inversely proportional to the exponential
of the adsorption energy. The term Sc;/c4n is the parameter
that determines whether the dyeing process under considera-
tion is controlled by Langmuir or by Nernst adsorption. The
shape of the concentration profile becomes sigmoidal with
an increase in the parameter Sc,—/c%n, whereas it approaches
an error-function curve with a decrease in this parameter.
When the parameter is sufficiently large, the first term
of the right-hand side of Eqn 16 can be ignored, and the
concentration profile as a function of & = /Sc;/ckmm, is
independent of the parameter. Consequently the dye-
concentration profile is determined by two parameters,
¢;lcq and Sc,—/c%n. Expressing the dye-concentration profile
as a function of 7" instead of n leads to an additional para-
meter, Dp/n. In other words, more than four unknown
variables cannot be determined from the dye-concentration
profile alone. An additional source of information, viz.
the adsorption isotherm, is required in order to calculate
the diffusion coefficient.

1.07
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Relative concn

0 01 0.2 03 04

x/2\/Dpt/n

Figure 1 — Concentration profiles for diffusion with simul-
taneous Langmuir- and Nernst-type adscrption (the number
on each curve is the value of Sc,/cin, when c;fco = 1)
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Figure 2 — Concentration profiles for diffusion with simul-
taneous Langmuir-and Nernst-type adsorption {the number
on each curve is the value of c,/cq, when Sci/c?) n=200}

Dye-concentration profiles for diffusion with Freundlich-
type adsorption, which were also derived by use of the
Runge—Kutta—Gill method, are illustrated in Figures 3and 4.
None of these curves has the sigmoidal shape usually asso-
ciated with the acid dye—nylon system.
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Relative concn
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Figure 3 — Concentration profiles for diffusion with simul-
taneous Freundlich-and Nernst-type adsorption (the number
on each curve is the value of am/n, when m = 0.3/

1.0

0.51

Relative concn

0 0.1 0.2 03
x/2\/Dpt/n

Figure 4 — Concentration profiles for diffusion with simul-
taneous Freundlich-and Nernst-type adsorption (the number
on each curve is the value of m, when am/n = 20)

The relationship between the diffusion coefficient of the
dye and the concentration of dye in the polymer phase,
calculated from Eqgn 23, is very similar to the corresponding
relationship obtained experimentally by McGregor et al.
[8,91, Takazawa et a/. [10], and Morizane et &/, [11,12],
using the Matano method. in this paper, however, the cal-
culated results have not been quantitatively compared with
these experimental data, because the derivative of the dye-
concentration profiles, dn'/dc', which is essential to the
Matano method, tends to suffer from a serious error. Instead,
the observed dye-concentration profiles have been compared
directly with the theoretical predictions, as follows.

Elimination of the first term on the left-hand side of
Eqn 14 leads to

de d%¢

Sc;

’ i

(e;+c)? dn’
Figures 5 and 6 illustrate the relationship between ¢’ (relative
concentration) and 7’ obtained by numerical evaluation of
Egn 25. For these Figures, two parameters of S/cy and D,
were extracted from the experimental results of Hopper et af.
[9] and Morizane et a/. [11] for the C.I. Acid Red 18—-nylon
system, using the following procedure. By evaluating
(dn'/de’)c=c; and [Em'de’ from the experimental dye-
concentration profiles and substituting them into Egn 18,
the relation between Dy and c;/cy is obtained. Ean 25 was
used to give the relation of ¢’ to n’, with ¢4 /S as a parameter.
The value of the parameter was varied from 0.80 to 0.94 at
0.1 increments, The resulting curves, in the form of c¢'/cy

o '(;"2 (25)
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versus 7n' were found to be independent of c,f/c.s.
The value of ¢3/S which made the calculated curve conform
best to the experimental dye-concentration profile was
selected as an optimum. The corresponding vaiue of ¢;/S was
assumed to be 5.55x107, since the value of ¢,;/S ranged
approximately from 1.15x1072 to 1.9x10°3 according to an
equilibrium measurement with the C.I. Acid Red 18—pylon +]

[+
system [13]. Inserting the values of {dn'/dc’) . 1 nldac’,
'o

co/S and c;/S into Egn 18 yielded the values of O, as in
Table 1. The calculated values of D, were of the same order
of magnitude as those obtained by Mualler [14] in a steady-
state diffusion experiment with a basic dye and nylon 6,
where there was no need to take effect of adsorption into
account. Allowing for the difference in the dyes and in the
nylons used and in the number of amino-end groups, as well
as the difficulty in evaluating values of {dn’/de"), the agree-
ment between the calculated and observed results for the dye-
concentration profile and the effective diffusivity as shown
in Figures 5 and 6 is considered to be reasonable. The fact
that the two curves in Figure 6 deviate considerably from
each other at large values of n° may be caused by the use of
different forms of nylon. Morizané et a/. [11] used nylon 6
monofilament, whereas Hopper et a/. [9] used nylon 6.6 film.
Furthermore, the experimental conditions employed by
Morizane et a/. do not entirely meet the basic assumption
that a nylon filament can be regarded as being infinitely
thick from the point of view of diffusion.

TABLE 1

Experimental Conditions and Evaluated Effective Diffusion
Coefficients for Dyes in Nylon*

Investigators Dvye Temp. (°C) pH Dp(cmzls)
Hopper etal [9]  C.l. Acid Red 18 60 3.2 9.18x10%
Morizane et af [11] C.I. Acid Red 18 80 32 7.73x10°%
Mdiller [14] C.l. Basic Blue 3 80 45 6.56x10°%

*Hopper et al. used nylon 6.6, the others used nylon 6

Relative concn

0 1.0 20 30 40

x/2ry2,um min'y2
Figure 5 — Experimental [9] and calculated concentration
profiles for C.I. Acid Red 18

In order to check the applicability of the proposed model
to the case where dual adsorption occurs, experimental
results obtained by Tak et af. {15] were compared with our
theoretical prediction, as illustrated in Figure 7. The dye-
concentration profile refers to the C.l. Food Yellow 3—nylon 6



Relative concn

x/2r'/2,,um min %2

Figure 6 — Experimental [11] and calculated concentration
prafiles for C.I. Acid Red 18

film system. The physico-chemical values required for
calculation of the solid curve are given in Table 2 and were
taken from the results of static and dynamic experiments
described by Tak et al. [15]. Only the value of dye concen-
tration on the surface of the film was selected in order to fit
the experimental data to the theoretical prediction. The
agreement between the experimental and the theoretical
results is fairly good.

TABLE 2

Physico-chemical Values for the C.l. Food Yellow 3—Nylon
Film System [15]

S = 2.06x10° g/cm®

c; = 9.09x10™? g/cm?
= 3.75x10° cm?/s

n =271

Cop /(Co"‘ci) =0.72

Relative concn

2.0

xl?tyz,um min 2

Figure 7 — Experimental [15] and calculated concentration
profiles for C.I. Food Yellow 3

CONCLUSIONS

The concentration profile illustrating diffusion with instan-
taneous adsorption can be expressed by a single independent
variable, viz. n'=x/2\/E The shape of the profile depends
upon three parameters, Sc,-/cf,n,c,-/co and Dp/n. In particu-
lar, in the case where both Langmuir- and Nernst-type
adsorption take place, the calculated dye-concentration
profiles are very similar to experimental profiles obtained for
various acid dye— nylon systems. Furthermore, it is generally
accepted that the dye-concentration profile reduces to asingle
curve as a function of n’ at any particular time, provided that
the thickness of the nylon film can be regarded as being
infinite from the point of view of diffusion. The conservation
equation for a dyeing with a finite rate of adsorption cannot
be converted to an ordinary differential equation with a
singte independent variable 7", Accordingly, the application
of an acid dye to nylon can reasonably be explained as a
diffusion process with instantaneous Langmuir- and Nernst-
type dual adsorption. For such diffusion processes, the
diffusion coefficient should be derived by the method based
on diffusion with adsorption, rather than by the Matano
method, so as to make it clear that the dyeing process is
heterogeneous in character. In previous investigations, the
relation between dye concentration and diffusion coefficient
has usually been explained by the concept that the driving
force of dye diffusion in a polymer is the difference in
chemical potential hetween the liquid and the solid phases
[12]. In order to obtain a better understanding of the dyeing
process, it is desirable that further experiments on dye
diffusion should be carried out, using various techniques
with a high degree of accuracy, so that the measured dif-
fusion coefficients can be compared with each other.
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