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INTRODUCTION

A wide variety of materials are found in daily life that
contain components that scatter and absorb light. Tex-
tiles, paints, printing inks and plastics are obvious
examples. In the same class are the various kinds of
suspension such as milk, mist and polymer suspensions.
For many of these examples the colour of the material
itself, or the colour produced when a layer of the material
is applied to a substrate, forms part of its specification.
The manufacturer can control the colour of the material by
adjusting the types and amounts of components present.
The adjustment can either be made manually by a skilled
colourist based on his past experience or by means of a
numerical method. Fortunately, the CIE system of colour
specification [1] permits the numerical specification of
the desired colour and describes how the colour of a
specimen may be calculated from a knowledge of its
reflectance in the visible part of the spectrum.

What is required is a theory that links the optical
properties of the components to the bulk properties of the
material. The theory must be capable of predicting the
fraction of light reflected from a surface exposed to
radiation from all directions in a hemisphere. This
corresponds roughly to the illumination conditions found
in broad daylight or in a well-lit room. The problem lies in
the area of multiple scattering or radiation transfer theory.

In the colour-using industry the most commonly used
approach is that adopted by Kubelka and Munk [2] . Such
use has attracted criticism. For example, van de Hulst [3]
when discussing its application to paint layers comments,
‘It is a pity that all this work has been based on such a
crude approximation . . ." The Kubelka—Munk theory is a
two-flux version of the multi-flux method of solving radia-
tion transfer problems. Other more exact theories exist
and have been reviewed by a number of authors [3—-9].
The continued popularity of the Kubelka—Munk theory is
attributable to the simple analytical equations that it
provides. These give insight and can be used to predict the
reflectance of a specimen with reasonable accuracy. In
addition, the simple principles involved in the theory are
easily understood by the non-specialist and rightly form an
important part of study for those involved in the colour-
using industry. However, there is a danger that too simple
an approach to the teaching of the theory will leave the
student without an appreciation of its limitations.
Conversely, a thorough treatment often leads to the
student being discouraged by the apparent complexity of
the mathematics involved.

The following section reviews the derivation of the
Kubelka—Munk equation. The approach has been
selected from a number of works with the aim of
presenting an easily followed argument with the various
restricting assumptions clearly stated. A number of
authors have compared the predictions of the Kubelka—
Munk theory with those of more accurate treatments.
These results will be reviewed together with the possible
implications for match prediction. Finally, the publications
dealing with the application of the theory to the
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reflectance of real samples measured under normal condi-
tions will be discussed. :

THE REFLECTANCE OF A PLANE PARALLEL LAYER
During the following, as far as possible the nomenclature
adopted by Kubelka [10] will be used. Two assumptions
are made before the problem can be tackled. Itis assumed
that the layer is sufficient in extent for there to be no light
lost from the edges of the layer and that it has uniform
composition. A treatment of the case when the composi-
tion is not uniform has been published by Kubelka [11].
The layer is imagined to be freely suspended and illumi-
nated from above by diffusely incident light of intensity /.
The layer reflects an amount /R, and transmits the
amount /. 7 as shown in Figure 1.
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Figure 1—The reflectance and transmittance of a freely
suspended layer

R, and T are the reflectance and transmittance of the
layer respectively for diffusely incident light. Clearly by
consideration of symmetry, if the layer is diffusely illu-
minated from the opposite direction by an intensity J, then
the amounts reflected and transmitted will be J.R, and
J. T, respectively. In most practical examples the layer will
be upon a substrate. Setting the reflectance of the
substrate in contact with the layer as R, it follows that the
upward flux J, caused by the presence of the substrate is
given by:

Jo=WLT+ J,.R).R, (1)
The reflectance of the layer is given by:
R=(LR,+J, T/ (2)

Substituting for J, from Eqn 1 into Eqn 2 to get the
Stokes equation [12]. TR
ST (3)

R=R,+
(I-R,.R,

R, is also the reflectance of the sample over an ideally
black background (R, = 0). This equation has been
derived by a number of authors [10—14] . As pointed out
by van de Hulst | 3], it is not specific to a particular theory
of radiation transfer and hence provides a way of testing
values for R,, T and R predicted by a given theory. Eqn 3is
more general than this derivation suggests. For example,
the equation for the total reflectance of a transparent
plane parallel plate has the same form [3 ch. 1]. The
equation can also be used to clarify the term R_, the
reflectance of an infinitely thick layer. A practical
definition is the reflectance of a layer whose transmittance
Tis effectively zero so that R = R,



The approach used to develop Eqn 3 for the complete
sample also applies to a thin layer within the medium. The
sample is considered to be split into a series of layers of
equal thickness d parallel to its surfaces. Layer number n
distance x from the non-illuminated surface receives a flux
i, travelling away from and a flux j, travelling towards the
iluminated surface as shown in Figure 2. The reflectance
and transmittance of the layer are ryand ¢, respectively.
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Figure 2— The reflectance and transmittance of a thin
layer of thickness d within a slab. i, = r,.j, + ti,.,and

jn+T = rO'in+1 + tJn

Iayer

It follows that the amount of light {a) absorbed by the
layer is given by:
a="1-r—t

The change in/and/ going from the (n)th to the (n + 1)th
layers is given by:

foor—i, = LU =1] 0 —{r/t) 4, (4)

Foe1—da = [t=1=Ar2I 0] 4, + {ry/ )0, (5)

Implicit in the derivation of Eqn 4 and 5 is the

assumption that the values of reflectance (r,) and trans-

mittance {t) of the layer are the same for the j flux as the /

flux. This is only correct when the angular distribution of
the intensity that composes the i flux is the same as that of
the j flux. Kubelka and Munk assume both are ideally
diffuse. The assumption is now made that the sample may
be treated as a continuous medium. The Kubelka~Munk
form of these equations is obtained by defining a
‘scattering’ coefficient S and an “absorption’ coefficient
K. Egqn 4 and 5 can be transformed into differential
equations by substituting S.d and (1-K.d-S.d} forryand
t respectively, dividing through by d and taking the limit as
d tends to zero:

=(r,/d)4.o = dR,/dx (6)
= (a/d)dﬁg = — (dT/dx)— (dR,/dx) 7

The fundamental equations of the Kubelka—Munk
theory [2] are obtained:

(di/dx) = (K + S8L.i-S§.f (8}

(di/dx) = — (K + S)j+ S.i (9}

Simmons [15] suggests that the assumption of
continuity is probably the weakest assumption of the
Kubelka—Munk theory especially with regard to
powdered sampiles. Goedecke [16] discusses the
conditions under which Egn 4 and 5 can be reduced to
differential forms. The question arises as to whether d can
be chosen such that the changes in/and; are infinitesimal
over this distance and yet the physical properties of the
thin layer are the same as those of the bulk material. For a
closely packed system of particles d may have to be less
than the inter-particle spacing, when the bulk properties
will no longer apply to the thin layer.

A relation for the diffuse reflectance of an infinitely thick
layer (R_) may be obtained directly from Eqn 4 to 9 [15].
Since R, = j,/i,, relations 4 and 5 and can be equated to
chtain:

_ (V4 r2—t—[(1 + r2~12)2-4r2] 12

Re-expressing in terms of Kand S by means of relations
6 and 7 and taking the limit as d tends to zero to obtain:

R,={1+K/S)-[11+K/8)-1)]"2 {11)

R {10)

or,
(K/SY=(1-R_)?/{2.R_) {12}

To derive the relations for RD, Tand hence R fromEqgn 3,
the two coupled differential Eqn 8,9 must be solved. The
relations obtained by Kubelka and Munk in 1931 [2] were
expressed in terms of exponential functions. In an
excellent paper, Kubelka [10] presented solutions in
terms of hyperbolic functions. His table of formulae
relating various properties of the layer has been published
by a number of authors [5,6,17]. The hyperbolic
equations are in general simpler expressions than the
exponential forms, However, for teaching purpcses the
exponential form has the advantage that the student is
more likely to be familiar with such functions. |n addition,
unlike the hyperbolic trigonometric functions, the
exponential function is directly available on the majority of
mini- and micro-computers allowing simple programs for
the evaluation of the equations to be produced. The
simplest form of the exponential solutions for R and T are:

R(): Rm.(1—e'22) {13)
(1-R.2e-2)

T=(1-R2.e? (14)
(1-R_2.e-%)

where
= [K+ S.1-R_}].X
or (15)
Z=[KIK+ 2.8)'"2X

Eqn 3,11,13,14, and 15 form a set which allow all
measurable diffuse reflectance and transmittance proper-
ties of the layer to be determined from knowledge of K, S,
X and R,. Eqn 14 was originally derived by Gurevic [18]
although the relation quoted here is the simpler form given
by Kubelka [10]. The hyperbolic equivalent equations
given by Kubelka [10] are:

R, = sinhZ (16)
a.sinhZ + b.coshZ
T= b (17)
a.sinhZ + b.coshZ
where a =(1+K/S)
b =(g=-1)~
and R, =a-b=l(a+ b (18)

The approach adopted by Kubelka and Munk was first
introduced by Schuster in 1905 [19] for modelling the
radiation from the self-luminous, opaque dust-cloud
surrourding a star. Kubelka and Munk derived their two
constant equations by neglecting the terms dealing with
the generation of light. Such is the similarity between the
two approaches that the model is sometimes referred to as
the Schuster—Kubelka—Munk theory [20]. Similar two-
constant equations were developed by a number of
authors at around the same time [18,21-24]. Ingle [25]
showed that the equations of Smith [22], Amy [24],
Bruce {21] and Stokes [12] may be derived from the
Kubelka—Munk solution of the two differential equations.
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Kubelka [10] has similarly shown that the results of
Gurevic [ 18] and Judd [23] may be regarded as special
cases of the Kubelka—Munk equations.

THE KUBELKA—-MUNK COEFFICIENTS K AND S
The Kubelka—Munk coefficients K and S are defined in
terms of the transmittance and reflectance of the thin
layer. It is not justified to simply assume that they are
proportional to the concentrations of absorbing and
scattering particles present in the bulk material. A
separate model is required to relate K and S to the
fundamental optical properties of the material, the
absorption (g) and scattering {g) coefficients per unit path
length of the material. Kubelka [10] argued as follows.
The fraction of intensity absorbed when a ray traverses the
infinitesimal distance du is eduv and the fraction scattered
is odu. For a particular ray incident on a thin layer of
thickness dx at an angle 6 to the surface normal, its path
length du is dx/cos8. The average path length for diffuse
light is obtained by integrating over the angular
distribution of the intensity between & = Qand /2 andis
2dx [5,6,10]. Hence it follows that:

K=2¢ (19

The relationship between S and ¢ is not so straight-
forward. The simplest approach is that adeopted by
Kubelka [10] where he assumed that the light was
isotropically scattered by each element. Only half of the
total scattered will be into the upper half hemisphere and
hence contribute to the reflectance of the layer.

Thus:

S=o¢ {20)

Since both ¢ and g are proportional to concentration it
follows that K and S are too, provided the assumptions are
valid. Equation 20 is not identical to that derived by
Kubelka [10] and others [5,6] who used ancther
definition of 5. As defined here the scattering coefficient o
agrees with that used in conventional light scattering
theory.

It is difficult to check the accuracy of the Kubelka—
Munk equations experimentally because of the necessity
to devise an arrangement that satisfies the restrictions
imposed during their derivation. Several authors have
published tables of exact solutions of this radiation
transfer problem [26—29]. These values have been used
in a number of ways to check the predictions of the
Kubelka—Munk theory, notably by Blevin and Brown
[30,31] and Mudgett and Richards [32—-34]. It was
found that the predicted values of A_ only agree with the
exact values when R is 0 or 1. Away from these two limits
the predictions are always too large, with an error of up to
8% . This is illustrated in Table 1 where the exact values of
R_ [29] are compared with those predicted by Eqn 11,19

TABLE 1

The Reflectance of a Semi-infinite Layer to Diffuse
lllumination for Various Values of the Albedo

Albedo Exact K-M Eqn 23 Eqn 29
a R, R, A R,
0.000 0.0000 0.0000 0.0000 0.0000
0.200 0.0463 0.0557 0.0428 0.0461
0.400 0.1073 0.1270 0.1010 0.1072
0.600 0.1947 0.2251 0.1862 0.1947
0.800 0.3419 0.3820 0.3333 0.3420
0.900 0.4780 0.5195 0.4714 0.4782
0.950 0.5967 0.6345 0.5923 0.5967
0.990 0.7946 0.8182 0.7933 0.7944
1.000 1.0000 1.0000 1.0000 1.0000
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and 20 for various values of the albedo. The albedo (a) ofa
material is the ratio of the scattering coefficient to the total
extinction coefficient.

a=oallo +e¢l (21)
and if Eqn 19 and 20 are correct:
-‘§=2.[(1/a)—1] (22)

The large discrepancy in reflectance values was disap-
pointing and remained unexplained for several vyears.
Blevin and Brown [31] found that a much better averall
agreement was obtained if K/S was multiplied by a
normalising factor, so that the values agree at about
R_ = 0.5, The deviation over the rest of the range then
amounted to a maximum of 1%. Such normalisation is
automatically carried out during match prediction
measurements if all the base data are obtained from reflec-
tance measurements made under the same conditions
used to measure the standard to be matched. Mudgett
and Richards [33] investigated the relationship between
K and § and £ and ¢ for an optically thick, weakly
absorbing layer. By means of the multi-flux method they
calculated accurate values for the reflectance of a semi-
infinite film (R_) and of a finite film of the same material
over an ideal black background (R,). The values of Kand §
were calculated from these results. They found that to a
good approximation:

K=2gand8 = 0.75.¢ {23a)
hence K 8
8—3[(1/.9) 1] (23b)

The values of R, obtained using the above equations
are shown in Table 1. It can be seen that the error is
reduced to 0.01 {1%). In a further paper, Mudgett and
Richards [341 suggest that the discrepancy between the
exact and Kubelka—Munk reflectances arises from the
assumption that the coefficients K and S are the same for
forward (/) and reverse (/) flux. From a multi-flux analysis
they concluded that the angular distribution of the
forward and reverse flux is not the same, even under the
ideal conditions of diffuse illumination of the top surface
and isotropic scattering. Thus the reflectance and
transmittance of a thin internal layer for the forward flux
will be different from that for the reverse flux. Using the
subscripts i and j to denote quantities referring to forward
and reverse flux respectively, Egn 8 and 9 become:

(di/dx) = (K, + S}.i-S,j
fdjfdx}) = —(K, + S).j+ S.i

Mudgett and Richards showed that the two scattering
coefficients may be replaced by a single coefficient S. Its
value is that which gives the same net transfer of flux from
the forward to reverse direction:

g = (S:i-8.7)
(i—f

The absorption coefficients always appear as the sum

(K, + K). By setting
K=1{K + K)/2

Mudgett and Richards re-established the two-constant
formulation without needing to assume that the forward
and reverse flux have the same angular distribution. It is
stil assumed however, that the respective angular
distributions remain the same throughout the sample.
Based on this analysis they derived the K and S
coefficients and confirmed Eqn 23 as correct for optically
thick, weakly absorbing layers. Experimental support was
provided by Gate [35] who made measurements of the
reflectance of powdered coloured glass. He found the



average values of K/e and S/a to be 1.90 and 0.72,
respectively. At around the same time, Brinkworth
[36,37] made use of a photon diffusion model developed
by Gate to show that for weakly absorbing layers

K=2¢cand § = (3/4).a—(e/o)
where e{{{o

Thus, independently confirming the conclusions of
Mudgett and Richards. The suggestion that the value of §
depends on both ¢ and £ was important. If this is correct,
then S is not linearly dependent on concentration and
hence not additive. The above studies concentrated on
weakly absorbing samples. Work by Klier [38] and
Meador and Weaver [39] without this restriction showed
that both the ratios K/c and §/o depend oneg and 6. Thisis
in direct disagreement with Eqn 19 and 20 developed by
Kubelka [10]. For an explanation of why the Kubelka
theory fails to predict the dependence of Kand S on ¢ and
o6, it is necessary to return to the ariginal work by Schuster
[19]. When discussing the assumption of a uniform
diffuse flux threughout the layer he writes:

‘This supposition is obviousiy incorrect, for it appears
that, even if it were to hold at any surface, e.q., the first
surface of the layer dx, absorption in that layer would
destroy the uniformity owing to the greater absorption
which the oblique rays suffer. To some extent the effect of
scattering would act in the sense of partly restoring the
equality of the distribution, neverthelass serious errors
might be introduced . . ./

It is apparent from other comments that he attempted
to include this effectin his model but found the complexity
too great. The error is most apparent in the prediction of
the reflectance (R,) and transmittance {7) of a translucent
layer. Table 2 shows exact values and values calculated
from the Kubelka—Munk theory using Eqn 23, where it
can be seen that the errors are greater than those shownin
Table 1 for the opaque sample.

TABLE 2

The Reflectance and Transmittance of a Semi-trans-
parent Film of Constant Scattering for Various Values
of Albedo

Exact K-MEqn 23

a eX oX Ry T Ry T
0.20 1.60 0.40 0.0463 0.0727 0.0429 0.0305
0.40 0.60 0.4¢ 0.0998 0.2830 0.0957 0.2278
0.80 0.10 0.40 0.2056 0.6220 0.1932 0.6272
0.99 0.004 0.396 0.2500 0.7420 0.2273 0.7647

The extent of the change in the average path length {P)
for the light passing through a layer distance X from the
top surface can be illustrated by considering the worst
case, when there is no scattering. Under these conditions
the Kubelka—Munk theory predicts that the transmittance
is given by:

T =exp(— K.X) (24)
where K = 2.¢

The exact solution is:

oo
T=20eX?| % dt = 26X (25)

eX

where E {e.X) is the exponential integral as defined and
tabulated by van de Hulst [40,41]. The average path
length at depth X is:

Eifle. X)

The calculated values are shown in Table 3.

TABLE 3

The Overall Transmittance of a Sample of Optical
Thickness €. X and the Average Path Length P at the
Lowest Layer of that Sample

eX P Texact} TK—M)
0.00 2.0000 1.0000 1.0000
0.10 1.7367 0.8326 0.8157
0.30 1.5635 0.6001 0.5488
0.50 1.4740 0.4432 0.3679
0.70 1.4149 0.3321 0.2466
1.00 1.3538 0.2194 0.1353
2.00 1.2456 0.0603 0.0183
inf., 1.0000 0.0000 0.0000

An average path length of 2 occurs only in the top layer.
It reduces rapidly through the first few layers and then
asymptotically tends to 1 as £.X goes to infinity. The
reduction in the average path length is not as severe for a
sample that scatters as well as absorbs. It is useful at this
stage to define three new terms, a, 3, and b, where:

K= o.t

K_pZ=

S o {27)
and b=1(c+¢elX

o.dx is the average path length through a layer for the
complete sample, [} is the effective ratio of the absorption
path length to scattering path length and 5 is the optical
thickness of the sample. For completely diffuse radiation
throughout the entire sample, o = 2and B = 1 as shown
in Eqn 19 and 20. The variation of « with optical thickness
b for various values of the albedo a is shown in Figure 3.
The values were obtained from the exact data of van de
Hulst [42] in a similar way to that used by Mudgett and
Richards [30].

20 a=0.99
] a=0.90
3
7 a=0.60
15
a=0.20
1 a=0.00
1-0 T T T T
0
1 2 b 3 q

Figure 3— The variation of o = K/t with optical thickness
b for various values of albedo a

The form of the variation is similar to that reported by
Klier [38] based on a photon diffusion model of turbid
media reflectance. The value of o decreases rapidly with &
for highly absorbing samples (a¢0.4). For highly scattering
samples the reduction is much less and for a completely
non-absorbing material {a=1), a is 2 for all values of b.
Kubelka [11] developed a theory for the ‘special case’
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when K and S (i.e. a) vary continuously throughout the
thickness of the sample, keeping the ratio K/S li.e. B)
constant. He found that the original equations of the
Kubelka—Munk theory stili apply. However, the values of
K and S, to use in the equations, are the corresponding
average values over the whole thickness of the sample.

X X

K=(1/X1 Kix).dxandS=(1/X) § S{x).dx (28)

0 0

where K{x} and S(x) are the values of K and S for a layer
distance x from the illuminated surface. Neiberger [43]
considered a two-flux model with variable absorption and
scattering and developed equations equivalent to those
later derived by Kubelka. it is clear from Figure 3 that this
‘special case’ more closely represents the behaviour of a
homogeneous sample than the original theory. The repre-
sentation is not perfect since the condition is made that
Kix)/Slx) is constant, It is only strictly justified to assume
that the ratio £/ 6 remains constant with layer position fora
homogeneous sample. K/ Sis related to e/ by B. Analysis
of the exact data shows that §§ also depends on albedo and
optical thickness as shown in Figure 4.

14 -
a=0.99

1.3 1
e a=0.20
1.2
1.1
1.0 T T T )

o 1 2 , 3 4 5

Figure 4— The variation of p = (K/S). (6/2.&) with optical
thickness b for various values of the albedo a

14

1.2 T T T T
o 0.2 04 0.6 0.8 10
a

Figure 5— The variation of B, with albedo a
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For an optically thin sample the value of p is 1 for all
values of the albedo. B increases with optical thickness
until a limiting value, B, is reached. B .is a function of the
atbedo only and its dependence is shown in Figure 5.

The limiting values of §, = (4/3landa = 2whena = 1
agree with Eqn 23, obtained both experimentally and
theoretically for weakly absorbing layers {30—39] . Unlike
the variation in ¢, the change in B with a and b cannot be
easily incorporated into the Kubelka—Munk theory.

Itis clear from the above that a fundamental fault of the
Kubelka—Munk theory is the assumption of a diffuse
distribution of light intensity for both fluxes at all levels in
the sample. In reality this is not the case even for a
homogeneous sample. The practical implications of this
are best considered in two stages.

OPAQUE MATERIALS

The use of the Kubelka—Munk theory (Egn 11,12,19 and
20) to predict the reflectance of an opaque layer from
values of the absorption (¢} and scattering (c) coefficients
can result in an error of up to 8%. This can be reduced to
1% by using Eqn 23 suggested by a number of authors.
These simple equations retain the proportional relation-
ship between K/S and £/c and hence the additivity of K
and S values for the various components in the mixture is
retained. It can be concluded that when used for colour
match prediction, the error in reflectance that can be
expected from errors in the theory is of the orderof 1%. To
reduce this error further the following relationship must be
used.

K_p 2
5= Bt (29)

Values of £ and ¢ for the components in the mixture are
added and not the values of K and S. The following set of
equations show how this can be achieved. To a good
approximation:

B.=Co+ Ci.R, {30a)
where C, = 1.22743 and C, = 0.11291. From Eqn 29:
2. _ {1-R,)? (30b)

s ZR_IC, + C,.R,)

allowing 2.e/c to be obtained from reflectance measure-
ments. The inverse operation is:
R. = L — (L2102
M
whereL = 1 + Cyl2.e/c)and M = 1-C,(4.e/0).
The values obtained for A, are shown in Table 1. The
maximum error is reduced to 0.0002 (0.02%), which is of

the same order as that of the measurement error of an
accurate reflectance spectrophotometer.

{30c)

SEMI-TRANSPARENT SAMPLES
Table 2 shows that the predictions of reflectance and
transmittance of the modified Kubelka—Munk theory (Eqn
13,14,15 and 23) are up to 0.06 (6%) in error. No simple
modifications to reduce the error have been published.
The complexity of the problem can be illustrated by
considering the role of R_ in Eqn 13,14 and 15. As used
here it is a convenient way of representing the function
(1 + K/8)—[{1 + K/S)2—1]*2 In order to reduce the
error the function would have to be re-expressed in terms
of £/6 and B. Similarly Z would need to be transformed
into a function of g, o, o and p. Hence to all intents and
purposes the theory would require four constants and the
simplicity of the two-constant approach is lost.

The consequences of applying the Kubelka—Munk
equations to semi-transparent samples for recipe match
prediction are as follows. The calibration plot of K or S



against concentration will be a curve no matter how ideal
the conditions or accurate the measurements. The values
of K and S for a given sample will depend on the method of
measurement. For example, the values of K and S
calculated from the reflectances of a layer measured over
a white and then over a black background will be different
tor different layer thicknesses. In general, K and S will
decrease as the sample thickness increases. Similarly, the
reflectances of a mixture predicted by simply adding K and
S values for the components will be in error irrespective of
the care used in data preparation. In practice the size of
the error depends on the choice of method used to
linearise the calibration plot,

BOUNDARY REFLECTIONS
The theory developed so far refers to the reflectance and
transmittance of a material without regard to reflection of
light at the layer boundaries. A common situation is a
sample in the form of a parallel-sided flat sheet surrounded
by air. Because of the discontinuity in refractive index at
the boundary, a portion of the incident light falling on the
surface will be reflected. For a given ray, the amount
reflected is given by Fresnel's equations [44] and
depends on the refractive index, the light polarisation and
its angle of incidence. To calculate the total amaount
reflected (r,} by diffusely incident light on an optically flat
surface, the Fresnel equations must be integrated over all
angles. The integration for a non-absorbing medium has
been carried out by Walsh [45]. The resulting
complicated equation has been quoted by a number of
authors in more accessible journals {46—50]. Judd [49]
has published a table of values of r, at various values of
relative refractive index (n). He gives a value of r, = 0.0919
for arelative refractive index of 1.5, typical of glass or poly-
meric materials bounded by air. The corresponding value
for the reflectance at perpendicular incidence is 0.040.
Similarly, diffuse light incident on the boundary from
within the sample is partially reflected. A fraction(1-1/n2)
wili be incident on the boundary at angles greater than the
critical angle and will be totally reflected. The amount r, of
the remainder will be internally reflected. Hence the total
internal boundary reflectance for diffusely incident light is
given by:
r,=1-{1/n% + {r,/n? (31

r, is considerably greater than r, and is tabulated by
Judd [49] and Orchard [51}. Judd gives a value of
r,=0.886forn = 15,

The influence of the various inter-reflections between
the boundaries and the medium itself on the net reflec-
tance (Aq) and transmittance (T, ) of a freely suspended
layer was considered by Ryde and Cooper [52,53] who
derived the following equations for diffuse illumination at
both the inside and outside of the boundary.

). [Rol1—r o) + 1,77
[(1=rRo2—(r,712]
7 = (V=—r).1=r). T
(1—rAN2—{r, 72
The corresponding equation for the refiectance R, of an
opague system of true reflectance R has become known
as the Saunderson correction equation [54].
R {32c)
t—r,R
The equation applies to the reflectance of a layer in
contact with a reflecting substrate (Eqn 3) or a semi-
infinite layer when R = R_and R, = R_,. Ryde and
Cooper also give equations for the case when the sample
surface is illuminated externally by a parallel beam of light

Rom=r + (1=r).11=r, (32a)

(32b)

Ro=r+ (1-r)1-r,).

incident normal to the surface and internally by diffuse
reflected light. The application of Eqn 32 is not as
straightforward as might first appear. In all optical experi-
ments it is important to appreciate the relationship
between the quantity that is actually measured and the
desired quantity. The reflectance referred to so far is the
ratio of the reflected radiant (luminous) flux to the incident
flux [B5]. Many reflectance spectrophotometers measure
the reflectance factor, the ratio of the radiant flux reflected
into a cone of directions to that reflected into the same
directions by a perfectly reflecting diffuser under the same
conditions of illumination [56]. The cone of light
collected is defined by the viewing geometry of the
instrument. The reflectance recorded is not R, but R’
given by the following equation {57].

Rl =r + [R—r 10 (33a)
(1 _r1)
Hence,
Ri=r,+ (1=r,).(1=r). _ & (33b)
(1-1,R)

where r,is the fraction of the external light that is reflected
by the boundary intc the viewing cone of the instrument.
i the measurements are made with an optical arrange-
ment that excludes the specular component of reflected
light from the detector then:

R =1-r)(1~r). 7

{(1—r,R)

Similar equations apply for a translucent sample and are
obtained by replacing R, and R, by R;, and R,,
respectively in Eqn 33a. Brockes [58] has also derived
formuiae that correct for the internal reflection for a
particular optical geometry of measurement. Sullivan
[69] and Reule [60] have given methods of solving the
general problem.

Determination of the correct values for the external
boundary reflection coefficients (r,, r,) does not present a
serious problem since the angular distribution of the
external light is usually well defined. Values derived from
the Fresnel equations may be used. The appropriate value
to use for the internal coefficient r, has always presented a
puzzle. The Fresnel equations indicate a value of about
0.60 is correct for materials with a relative refractive index
of 1.80. This has been confirmed by direct measurement
[61,62] and indirectly by comparing reflectance values
measured with different optical arrangements [59].
However, a number of authors [53,54, 63-65] have
suggested a value of 0.40 for r,. In all these cases the value
has beer derived by optimising colour match prediction
calcutations based on the Kubelka—Munk theory. The
authors compared the measured vaiues of reflectance
with those predicted by the theory taking the Saunderson
correction into account. They found r, = 0.40 gave the
best results. It has been suggested that the difference
between the two values could be due to non-uniformity of
the internally incident illumination [49] and surface
irregularities. Certainly, calculations show that r, depends
strongly on the angular distribution of the internally
incident radiation and the albedo of the material
[32-34,57,61,66]. Itis found that for a polished surface r,
tends to increase with decreasing sampie albedo. For
example, Orchard [66] analysed the results of the exact
reflectance calculations of Giovanelli [26]} for conditions
of normal light incidence and total diffuse coliection for a
semi-infinite sample composed of isotropically scattering
particles embedded in a matrix of refractive index 1.5. He
found that the internal reflectance of the boundary varied
with the true sampie reflectance R from a value of 0.65 for

(34)
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samples of low reflectance (R{0.08) to 0.57 for samples of
high reflectance (R)0.82}). Orchard explains how the
variation arises from changes in the angular distribution of
the illumination incident on the boundary. If F is the
fraction of flux incident at angles less than the critical
angle and t is the portion of F transmitted by the surface,
then r, is given by:
r,=1-F.t

For diffuse light F = (1/n? and t = 1-r,and Eqn 31 is
obtained. Orchard suggests that since the intensity distri-
bution within the critical angle will be reasonably uniform,
the value of t can be taken as that for perfectly diffuse
light. Hence the internal reflectance r, is mainly
determined by the fraction (1—F} of the flux that
approaches the boundary at angles greater than the
critical angle and is totally reflected. This fraction depends
on the angular distribution of the flux. Orchard shows that
for a sample of low reflectance, the fraction incident at
grazing angles is increased relative to a diffuse flux. Hence
(1—A) and r, increase. Samples of high reflectance have a
greater proportion of flux at normal incidence compared
to the diffuse case, hence {1—F) and r, decrease. He
proposed the following expression to describe the
variation:

r,=1{a+ b.R/(1+ cR

where the coefficients a, 5, and ¢ depend on the nature of
the surface and the optical geometry of the measurement
system. Although the effect is undoubtedly present, the
fitted r, value of 0.40 cannot be accounted for in this way.

It has been suggested that surface irregularity may
account for the discrepancy. Giovanelli [61] measured
the internal reflectance r, of polished and ground glass
surfaces under uniform diffuse illumination and found a
slightly higher value for the ground surface than for the
polished surface. Giovanelli also developed a proof that no
matter how rough the surface, the internal reflectance of
the boundary when illuminated with diffuse light is always
greater than [1—-{1/n?)].

Tunstall [67] suggested that the value of 0.40 derived
from colour match prediction does not represent the true
quantity r,, but one that produces ultimate values of K/S
that are proportional to concentration. This was verified
by Mudgett and Richards (57} in a non-mathematical
review of their multi-flux method of exact reflectance
calculation. They analysed the exactly calculated
reflectance of a diffusely illuminated semi-infinite layer
with a relative refractive index of 1.5. They showed that
when a value of r, = 0.40 was used in the Saunderson
correction equation, the Kubelka—Munk equations gave
excellent results for surface reflectances greater than
0.35.

Itis clear that the use of the wrong value for the internal
reflection coefficient is partially correcting for the failings
of the Kubelka—Munk theory. As Tunstall [67] states
‘... theuse of anincorrect value for a real physical variable
in a misapplied equation yields improved colour matching
predictions.” Yet according to the discussion earlier in this
review, the theory should cope quite adequately with
predicting the reflectance of a semi-infinite, opague
sample. The presence of the boundary is having some
other influence which has not yet been considered in this
review. The air-sample boundary produces refraction of
the incident light as it passes through the surface. For
diffuse light incident externally on the surface, refraction
directs the light into a cone with a semi-angle thatdepends
on the relative refractive index. The effect is illustrated in
Figure 6a, where Sullivan’s data [58] for the dependence
of the intensity F(8) of externally incident diffuse on the
angle of incidence (0) is shown for both outside the
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surface and just inside the surface after it has undergone
refraction.

2.0
1.8 4
16 transmitted
14 -

1.2 1

F{oe)

101 incident
0.8 -
0.6
0.4+

0.2

o T
0 15

30 45 60 75 90
o

Figure 6a— The angular distribution of diffusely incident
light after entering a sample through a boundary of
refractive index ratio 1.50. F(0} is the relative intensity per
unit surface area of light incident at an angle 9 to the
surface normal
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Figure 6b— The angular distribution of diffusely incident
light after leaving a sample through a boundary of
refractive index ratio 1.50. F(0) is the relative intensity per
unit surface area of light incident at an angle 0 to the
surface normal. For comparison, the dashed curve shows
the distribution for diffuse light with the same maximum
intensity as the transmitted light

The angular distribution of the incident light after refrac-
tion is far from diffuse. Thus, the Kubelka—Munk
condition of diffuse illumination is not satisfied even at
the first layer of the sample. The refracted flux is
concentrated into a cone whose semi-angle is the critical
angle of the boundary. This flux has a lower average path
length in the sample than a diffuse flux. The result for a
semi-infinite sample is a lower reflectance than that
predicted by the Kubelka—Munk theory [67]. It is
primarily this effect that is compensated for by the use of
an artificially low value of the internal boundary
reflectance in colour prediction calculations.

The outgoing light incident internally on the boundary
will aiso be refracted as it passes into air. Figure 6b shows
that at viewing angles near to the surface normal, the



refraction has little effect on the angular distribution.
Hence measurement geometries that view the sample
nearly normal to the surface are to be preferred.

Adjustment of the Kubelka—Munk theory to take into
account the refraction of light at the sample boundaries
other than by using a best fit value of r, poses considerable
problems. The refraction and internal reflection at the
boundaries cannot be isolated from the reflection of the
other layers. Light internally reflected returns to the
sample where it is partially scattered and returns to the
surface once more. Thus a theoretical treatment must
take into account the link between the boundary reflection
and refraction and the multiple scattering. Changes in cne
will influence the other.

Tunstall and Dowling [62] have proposed a modified
form of Eqn 13 thatincludes surface reflection terms and a
‘light diffusion constant’ (D) derived by assuming that a
small depth of fiim is required to re-diffuse the refracted
incident light. Mudgett and Richards [57] have developed
a series of polynomial corrections which can be used to
obtain the optimum value of r, and correct for other
failings of the Kubelka—Munk theory to describe the real
situation. For a semi-infinite sample, the optimum value of
r, for a material of refractive index n is given by:

r,=0.3527 +(3.6311/n)—(8.0405/n?) + (4.0540/r3)  (35)

This is used in Eqn 33b to calculate R, which is not the
true value of A but the distorted value which best fits the
Kubetka—Munk theory. R’ is used in Eqn 12 to calculate
K' /8. K’ /8" is converted to K/S, the Kubelka—Munk
function by the use of two further correction terms:

K /85)
(K/8) = THE {(36a)
where
6=2.9245—(0.3596/n) —(0.0579/n2)—(1.5626/n3)  (36b)
£=0.99965+0.02898Y + 0.50353Y2-0.50178Y¥3 +
0.31210Y* {36¢)
Y= {K'/S")
26+(K'/S")
The reverse calculation is performed by using an
equation for £ in terms of K/8S.

£=0.99929 + 0.05440X + 0.33048X2—-0.04164.X3 {36d)

where x= _IK/S)
2+(K/S)

Mudgett and Richards derived these equations by
empirically fitting the results from their exact reflectance
calculations. For these calculations they assumed an
angular distribution for the single scattering appropriate
for rutile titanium dioxide particles.

ANISOTROPIC SINGLE SCATTERING

It was assumed at the initial development of the two-flux
theory that each scattering particle in the layer scattered
isotropically. Such a particle scatters light equally into all
directions irrespective of the direction of the incident
beam. However, isotropic single scattering is the
exception and not the rule. Anisotropic single scattering
changes the relationship between the Kubelka—Munk
scattering coefficient S and the fundamental scattering
coefficient 6. A number of authors have treated the
general case of anisotropic scattering and provided highly
accurate resulis after considerable computational effort
[68—-71]. The effective scattering coefficient for the two
flux calculation depends on the fraction (f) of the incident
flux that is singly scattered into the opposite flux direction.
Neiberger [43] included an anisotropy term by effectively
setting

6,=2.fc (37)

o, is the effective scattering coefficient. The factor2isa
normalisation constant and takes into account f = 1/2 for
isotropic single scattering. Anisotropic single scattering
does not necessarily lead to an anisotropy in reflectance of
the complete sample. Theissing [72] has shown that for
parallel beam sample iHumination, the forward and reverse
flux can be regarded as diffuse after two to eight
scattering events.

The reverse fraction 7 can be determined if the angular
dependence of the single scattering is known. Blevin and
Brown [30] suggest that

f={1-(cosB})/2 (38)

9 is the angle between the singly scattered beam and the
forward direction of the incident beam. The angled
brackets denote the following average.

+1 +1

{cosB) == } cos0./{cosb).dcosh/ | /(cos8).dcosd (39)

-1 -1

/{cosB) is the total intensity of the incident flux (/ or /) on
the particle that is singly scattered along direction 8. In
other words, it is a sum of scattered intensities over all
angles of incidence of the illuminating light, a half
hemisphere for ideally diffuse flux 7 or /.

The angular dependence of single scattering is
described by the phase function Plcesf). Plcosd) is
defined as the ratio of the intensity scattered into direction
8 to that scattered at the same angle by an isotropic
scatterer of identical albedo:

47
1=1 Plcosb).dw/4.n.a

0

w is the solid angle and a the albedo. For isolated
particles of weil defined shape, P{cos8) can be determined
by application of the Mie theory. The theory is described in
many standard texts on optics [6,9,44,73,74]. There is
some argument as to whether the Mie theory can be
applied to densely packed systems. In such systems the
light scattered by one particle interferes with that
scattered by its neighbours and dependent scattering
results. The Mie theory assumes the particles are suffi-
ciently far apart to make the effect of interference negli-
gible, the far-field approximation. In a theoretical study,
Trinks [75] has shown that dependent scattering
becomes negligible when the separation between particle
centres is greater than about three times their diameter.
Dependent scattering tends to reduce the overall particle
scattering coefficient per unit volume of the layer. Several
experimental papers have reported a decrease in the
scattering efficiency of TiO, particles with increasing
concentrationin a layer. This could partly be caused by the
above effect [{76-78}. Despite this problem, the Mie
calculated angular dependence is usually assumed to
apply to concentrated systems, probably because no
satisfactory theory of dependent scattering has yet been
developed. Mie calculations show that the light singly
scattered by particles with size and optical properties
typical for pigments is strongly angle-dependent [8,79].
Unfortunately, the form of the Mie equations does not
produce results that can easily be further manipulated.
The standard approach is to express Plcosf) as the
summation of a series of Legendre polynomials P,{cos6)
[80,81].
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n=co

Plcosd) = Z 6P, lcosb) (40)
n=0
where for example:

PycosB) = 1
P,{cosB) = cosd
P,cosh) = (3cos26—1)/2
P,lcosf) = (Bcos*0—3cos)/2

Although mathematically convenient, many

coefficients (b, for n up to 30) are required to accurately
describe pigment phase functions [8,70,82,83].
Fortunately in certain circumstances, the fraction back-
scattered can be accurately determined from knowledge
of the first few coefficients only. Sagan and Pollack [84]
compared the two-flux model under diffuse incident
illumination with an exact calculation and concluded that f
is given by:

f={1-b,/3)/2 (41}

The equation is identical to Eqn 38, since for diffuse
illumination of the particle {(cos8) = b,/3. Mudgett and
Richards in their classic series of papers [33-35]
incorporated anisotropic single scattering into their multi-
flux method of exactly calculating the reflectance. In a
thorough investigation of the influence of anistropy, they
did not assume a diffuse flux incident on the particle but
chose to describe its angular dependence by means of a
Legendre polynomial series expansion:

Hcosd' ) = ¢, P (cosB’ ) (42)

8’ is the angle between the direction of the incident
beam and some unique direction fixed within the particle.
For diffuse illumination ¢, is the radiance of the flux and all
other coefficients are zero. In the general case they
showed that fis given by:

F=(1/2).4 (1-b,/3)—(cy/4c,) A1=by/T)
+(cy/8c,).11=by/ 1)~ (5¢,/64¢,).(1-b,/15) + . . .

Two important conclusions can be drawn from this
series. Firstly, when the single scattering is symmetrical
about an axis fixed in the particle then only even values of
b, are non-zero and hence f=1/2. This is the case for
isotropic and Rayleigh single scattering. Secondly, if the
angular distribution of the incident flux (7 or /) is adequately
described by only the first three terms ¢, ¢, and ¢, then f
depends only on b, or {cosB). For diffuse illumination ¢, is
the only non-zero coefficient. Under these conditions

f=(1-b,/3)/2 {44)

Gate [35] and Brinkworth [36,37] deduce the same
Eqn 44 from a photon diffusion model of multiple
scattering. Reichman [85] and Eitle [7] include
anisotropic scattering into the development of two-flux
models for conditions of directed sample illumination.
Tackling the problem by means of Legendre polynomials,
they derive equations that can be related to the fraction 7,
although neither provide explicit relations in the form of
Eqn 43.

It is clear that anisotropy of single scattering can be
accommodated into the Kubelka—Munk theory. The
scattering coefficient ¢ is replaced by the effective
coefficient o, in those equations that relate S to ¢. Under
conditions of diffuse sample illumination Eqn 37 and 44
provide a reasonable estimate of o,. This is confirmed by
comparing the reflectance of a semi-infinite sample
calculated by means of the modified Kubeika—Munk
theory (Eqn 29, 37 and 44}, with the exact values.
Giovanelli [26] has exactly calculated the refiectance of a
sample with the phase function Plcos) = (1 + cos8)

(43)
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under conditions of diffuse sample illumination, Thatis b,
= 1,b, = 1 and all other coefficients are zero. A particle
with this somewhat artificial phase function would scatter
two thirds of the incident flux into the forward and one
third into the reverse direction. The comparison is shown
in Table 4.

TABLE4

The Reflectance of a Diffusely Illuminated Semi-
infinite layer containing Anisotropic Single Scattering
Particles. The Anisotropic Single Scattering Phase
Function is P (cos8) = (1 + cos0).

Albedo Exact Eqn 30,44
a R, Ry
0.000 0.0000 0.0000
0.200 0.0302 0.0317
0.400 0.0739 0.0766
0.600 0.1432 0.1464
0.800 0.2741 0.2769
0.900 0.4083 0.4100
0.950 0.5331 0.5340
0.990 0.7548 0.7549
0.995 0.8194 0.8914
1.000 1.0000 1.0000

The agreement between the predicted and exact values
is not as good as that for isotropic scattering (Table 1).
Over the full range of albedo, the maximum error is 0.003
{0.3%). This is still sufficiently low to justify the use of
these approximate equations,

CONCLUSIONS

Over the years the Kubelka—Munk theory has been
subjected to very close scrutiny. The result is an
appreciation of the limitations and strengths of the theory
and a re-interpretation of the physical basis of the
coefficients K and S. Of the original assumptions made by
Kubelka and Munk, that of uniformly diffuse forward and
reverse flux throughout the sample is most seriously in
error. This proves to be valid only for a non-absorbing
sample, otherwise the angular distribution of both the
forward and reverse flux is anisotropic. As a result,
separate values of K and S are required for each flux
direction. Mudgett and Richards showed how these four
coefficients could be reduced to two by re-defining K and
S.

The theory has been successfully modified to take
anisotropic single scattering into account. An effective
scattering coefficient has been defined and equations to
relate this to the Mie calculated scattering coefficient have
been derived. This offers a way of expressing K and S in
terms of the fundamental optical properties of the
colorants present. In summary the definitions of K and S
become:

K=I(K +Kj)/2
where K;= o,.€ and similarly for K;
S = (i.5—.S}i-}}
where S, = a,.f.c and similarly for S,.

As before, the subscripts / and j denote values for the
forward and reverse flux directions respectively.

The as yet unsolved theoretical problem is that the
angular distribution of each flux changes with distance
from the illuminated surface. The ratio K/ S is undoubtedly
not the same for each layer, yet this assumption is usually
made when solving the two differential equations. The
predictions of the theory are therefore inaccurate. The
theory is most accurate when used to predict the



reflectance of semi-infinite layers. For such conditions a
good first approximationis K = 2e and § = 0.756. These
linear equations mean that K and S wvalues may be
regarded as additive. The error in the predicted reflectance
is at most 1% and can be improved further by empirical
equations thatin effect take the variation of K/ 8 with layer
position into account {Eqn 30). The predicted reflectance
and transmittance of transiucent layers is more seriously in
error.

The influence of reflection of light at the boundary on
the measured reflectance has been studied both
theoretically and experimentally. Several authors have
shown that if the assumption of a uniform diffuse reverse
and forward flux is valid, then exact corrections can be
derived. Qrchard [66] has shown that in the real situation
the flux approaching the boundary from within the sample
is anisotropic. The degree of anisotropy is related to the
true reflectance of the material, thus the value of the
internal boundary reflection caefficient is coupled to the
reflectance of the material itself. Orchard has suggested
equations to take this into account.

It has been recagnised that refraction of the incident
illumination as it passes through the boundary sericusly
distorts the angular distribution of the light in the surface
layers of the sample. No simple method of allowing for
this, apart from a physically unrealistic value for a
coefficient in the boundary reflection correction, has been
developed.

The question naturally arises of the vaiue of this work to
the colourist. in practice there are many sources of error
apart from inaccuracies of the theory. In addition to
human error, there is measurement error, variation in the
properties of the colorants between batches and non-
reproducibility of the coloration process itself. Bearing this
in mind, the modified Kubelka—Munk theory is sufficiently
accurate for use in reflectance prediction for semi-opaque
samples. This is not true for semi-transparent layers where
the inherent limitations of the theory produces errors
considerably greater than those from other causes.

Progress in dealing with the defects of the theory should
be based on a clear understanding of their cause. Hope-
fully this review provides a basis for such an under-
standing.
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